UNIT -1
Resonance
Objectives:
» To understand the concepts of Resonance, Bandwidth and Quality factor.
» To evaluate Resonance, Bandwidth and Quality factor for various series
parallel combinations of R, L, C.

Syllabus:
Resonance - series, parallel circuits, concept of band width and Q factor.

Outcomes:
On completion the student should be able to:
» understand the concept of electrical resonance, Bandwidth and Quality
factor
» Evaluate resonant frequency, Bandwidth and Quality factor for various
series and parallel RLC circuits.

Resonance:

Resonance is a particular type of phenomenon inherently found normally
in every kind of system, Electrical, Mechanical, Optical, Acoustical and even
Atomic. Usually resonance occurs in any of these systems, when energy storage
elements interchange exactly equal amounts of energy. Resonance cannot take
place when only one type of energy storing element is present such as an
inductance or a mass. There must exist two types of independent energy
storing elements capable of interchanging energy between one another, i.e.,
inductance and capacitance in electrical systems and mass and a spring in
mechanical systems.

There are several definitions of resonance. But, the most frequently used
definition of resonance in electrical systems is the steady state operation of a
circuit or system at that frequency for which the resultant response is in time
with the exciting function, despite the presence of energy storing elements.
Resonance is a phenomenon which enables us to discriminate between
different frequencies. Using resonant circuits, it is possible to select a
particular frequency from a band of frequencies.

Series Resonance

A circuit is said to be under resonance, when the applied voltage V and
the resulting current I are in phase. Thus a series RLC circuit, under
resonance behaves like a pure resistance network and the net reactance of the
circuit should be zero. Since V and I are in phase, the p.f. is unity at
resonance.

Consider the series RLC circuits shown in figure 1.1.
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Figure 1.1

The complex impedance of the circuit is

Z=R+]'(XL_XC):Z=R+]-{COL_($)}

The absolute value of impedance is
Z =R + (X — X¢)?

Under resonance, the circuit should be purely resistive, i.e., net
reactance should be zero.
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is called the natural frequency of the circuit.

We can obtain resonance by changing the frequency of the applied voltage.
When it is equal to f = i.e., the natural frequency of the circuit, it is under

1
2r/LC’
resonance and this frequency called resonant frequency. Resonance can also
be obtained by varying L or C. The general considerations at resonance are the
same regardless of which parameter is varied to produce resonance.

Behaviour of RLC series circuit under Variable Frequency

From equation Z=R+j{o)L—(m—1c)} we see that only imaginary part of the

impedance is a function of frequency. The components of Z, R, X; and X, how
they vary with frequency are shown in figure 1.2.
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. Resistance R is independent of frequency.

Inductive reactance X; directly proportional to frequency and is
positive.

. Capacitive reactance X; Inversely proportional to frequency and is

negative.

. Net reactance X = X — X It will be initially negative and becomes zero

and then it is positive.

i.e. for f < f,, it is capacitive
for f=f,, it is zero
for f>f,, it is inductive.

When, Xy, = X¢ the circuit is said to be under resonance.

. Impedance (Z)

1Z] = VRZ + (XL, — X¢)?
At resonance, X;, —Xc =0, hence Z=R. At any other frequency, (X, —
Xc) # 0 and hence |Z| > R.
Hence, impedance at resonance is minimum and it is equal to R. The
circuit behaves as capacitive circuit below f, and inductive circuit f,.

Current at Resonance

Voltage \%

Impedance  /RZ+(X—Xc)2

since the impedance is minimum and equal

to R at resonance, the current is maximum and equal to (g) and in phase with

V (power factor is unity). It varies inversely as impedance Z. The variation of
current with frequency is shown in fig 1.3.
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Figure 1.3

With all parameters being same, if R is varied the current at resonance will
change but resonance frequency is independent of R. The shape of current
variation becomes flat as resistance is increased.

Since current is maximum at resonance, voltage across resistance, Vg = IR will
also be maximum and equal to applied voltage.

Voltage across Elements R, L and C

Voltage across resistance R=IR is maximum at resonance and equal to voltage
applied to the series circuit.

Voltage across inductive reactance = IX;,.

Both I and X; are increasing before resonance and the product must be
increasing. At resonance, I is not changing but X, is increasing and hence the
product should be increasing, the voltage across inductor continues to increase
until the reduction in current offsets the increase in X|..

[X; is maximum after f;.

In the case of voltage across capacitor Vo =1X;. At resonance, I is
constant and Xcis decreasing. Therefore, the product should be decreasing.
Hence IX; should have been maximum before resonance frequency f,. The
variation of voltage Vg, Vi, and V; are shown in figure 1.4.
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Frequency at which V; is maximum
We know that

VoL
VL = IXL = >
1
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To determine frequency at which V;, is maximum, we will equate % =0
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[02C2R? + (@2LC — 1)?]2
463V?L2C?*[@%C%R? + (0%LC — 1)?] — V2w*L2C?[20C?R? 4+ 2(0?LC — 1)20LC] =0
2[®?C?R? + (0%LC — 1)?] — ®[wC?R? + 20LC(0?’LC—1)] =0
20%C%R? + 2(0?LC — 1)? — ®?C?R? — 20°LC(0?’LC—1) =0
®?C?R? + (0?’LC— 1)[2(w*LC—1) — 26%LC] =0
®?C?R? = 20%’LC+2=0
®2[2LC — C2R?] = 2
1

C2R?
2

1
, 2R2
2n LC—CZR

Frequency at which V; is maximum
We know that

W=

LC—

f=

v 1
Vo= IXg = ——o—
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Vel =
€ 7 ©2C2R2 + (@2LC — 1)2

To determine the frequency at which V¢ is maximum we will equate
—V?[20C?R? + 2(®*LC — 1)2wLC]
[0?C?RZ + (@2LC — 1?2
[20C?R? + 2(0*LC — 1)20LC] =0
[20C?R? 4+ 40LC(0*’LC—1)] =0
20C[CR? + 2L(0*’LC—1)] =0
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CR? + 2120%C — 2L = 0

21202C = 2L — CR?
2L-CR2 1 R?

T 2I2C LC 217

At resonance the conditions are
1. Circuit is purely resistive
Power factor of the circuit is unity

. . . '
Current is maximum and is equal to =

Voltage across L= Voltage across C

a s L b

The p.f of the circuit changes from leading to lagging with increase in
frequency.

Series RLC circuit as a frequency selector

Any series RLC circuit passes all waves of finite frequency to some extent
but it will offer lowest impedance at resonant frequency i.e., it allows
frequencies near the resonant frequency more rapidly than other frequencies.
Here, a series RLC circuit posses the frequency selectivity, i.e., the ability to
discriminate among waves of different frequencies. The band of frequencies
which is passes quite readily through the circuit is called Pass band or Band
width of the circuit.

Bandwidth or Pass band It is arbitrarily considered to be the range of

frequencies over which the current is equal to the greater than % times the

\%
current at resonance (= E)‘

It is customary to specify two frequencies f; and f, at which the current

is reduced to (%) as shown in figure 1.5.
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Figure 1.5



Within this range of frequencies the power dissipation is equal to or
2 2
greater than Z—R, i.e., half of the maximum power at resonance, V? and hence the

frequencies f; and f, are called lower and upper half power frequencies. The
frequency range f, —f; is called Bandwidth or Pass band.

Bandwidth = f, — f;
Determination of Bandwidth
Current at resonance = ‘é
Impedance at resonance = R

Current at half power frequencies f; and f, is % times the current at resonance

=@/

Therefore, impedance Z at half power frequencies

=+/2R
Z=+R?+X?=+2R
Squaring, RZ+X?=2R?=X?=R? =X =R

Hence, at frequencies f; and f, the net reactance is equal to the resistance, i.e.,
X = R. The phase angle at these frequencies will be 45° and hence power factor
is 0.707.

At lower half power frequency, f;, X¢ > X, hence, the net reactance
X=(55) - @il =R
1—-®,%LC = ®,CR
Therefore,
02LC+ o, CR—1=0 = o2 + o (1) = () =0
o= =) {G) + (&)
At upper half frequency, f,, X; > X¢, hence
X=w,L-(5) =R
0,°’LC—1=0,CR = ;> -, (+) = (&) =0
o= ()£ (@) + ()
R

Therefore, bandwidth= 0, —®; = % = f,—f = —



Quantity Factor (Q-Factor)

The quantity of series resonant circuit depends on the sharpness of the
current variation with frequency (current response). Smaller the value of
resistance R compared to X; and X., sharper will be the response. To introduce
a quantitative measure for the quality of the resonant circuit, quality factor is
defined as

1
®oCR
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Q — factor = % =

_ Xwo _ Xco

R R
Inductive or capacitive reactance at resonance

Resistance
It can also defined as the ratio of voltage across inductor or capacitor at
resonance to the supply voltage

Q — factor = (%) — (‘;_c)

Since Vi, = @yLI
and V=IR
Q—factor=%=ml‘;—i“l=mT°{L
Another form of quality factor in terms of energy is defined as
Maximum energy stored
Q=2n( . )
Energy dissipated per cycle

The maximum energy stored in inductor at resonance is
— (1 2
.= ()t

Power dissipated at resonance
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Selectivity

The ratio of bandwidth to resonance frequency is defined as selectivity of the

circuit
BW  f,—f = R C CR2
Selectivity = — =21 =-2L = —\/[C=R [Z= [—
fo fo L L L

2rvLC

Parallel Resonance

The general definition of resonance that the circuit containing energy storage
elements (L and C) behaves as a pure resistive network at resonance and the



applied voltage and resulting current are in phase, is also applicable to parallel
resonance. At resonance, in a parallel circuit, the net susceptance must be
zero. In analyzing series circuit we have employed impedance concept and for
parallel circuit admittance concept is more convenient. First we consider a
parallel circuit with ideal elements (R, L and C) in each branch and then extend
the conditions to a general circuit.

Parallel resonance in pure RLC circuits

Let us consider a parallel circuit in which each branch consists of single
ideal element (R, L and C) as shown in figure 1.6 as
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Figure 1.6

The admittances of each branch (reciprocal of impedances) are

Y,==>=G
1 . .1
Yo = = BL=-j

1. .
Y; = Xc =jB =jwC

The total admittance of the circuit is
Y=Y,+Y,+Y; =G+ j(Bc—By)
The condition for resonance is that net susceptance should be zero
Bc — B, =0= B =B,

1
oC=—
oL

The frequency at resonance is

1
=7 = I = i
The absolute value of total admittance is |Y| = /G2 + (B¢ — B.)?. At f=f,, total
admittance |Y| = G only. Since net susceptance is zero it is also minimum, the
p.f is unity. At f > f. the net susceptance is capacitive and hence the p.f of the

circuit is leading. The effect of variation of frequency on conductance,
susceptance and admittance are shown in figure 1.6 b).




Variation of Total current

Since admittance is minimum at resonance, the current is also
minimum. The variation of total current with frequency is same as the
variation of admittance and is shown in figure 1.7. Sometimes a parallel
resonance circuit is called anti resonant circuit since current is minimum.

Current at resonance [, = VG

!

Tamps

VG =IO

0 fr fHz)

Figure 1.7

Conditions at Resonance in parallel circuits

1. The inductive and capacitive susceptance are equal
Net susceptance is zero
. Admittance is minimum and equal to conductance
The current is minimum and is equal to VG

SRCNENS

The V and I are in phase and power factor is unity.

But in practice it is not necessary to have a separate resistance branch,
because the inductive and capacitance are always associated with small
resistances.

Practical two branch resonant circuit
In a practical resonant circuit shown in figure 1.8 a) and inductance and
capacitance elements are connected in parallel and having resistance

associated with them. The phasor diagram showing the applied voltage, branch
currents and total current are shown in figure 4.13 b) at resonance condition.
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Figure 1.8



In order that the above circuit is under resonance, the total current should be
in phase with the applied voltage, i.e. it should behave as a pure resistive
circuit. In order that the total current is in phase with applied voltage the net
reactive component of current should be zero.

i.e., IL Sln q)L = IC Sln(pc
14 XL _ 14 Xc
\/RL2+XL2 JRL2+XL2 JRC2+XC2 JRC2+XC2
XL Xc

RL2+XL?  RE2+Xc2
i.e., Inductive susceptance = Capacitive susceptance
Net susceptance is zero. Hence the admittance at resonance is pure
conductance and is equal to
_ R Rc
- 2 2 + 2 2
Ry “+Xy, Rc“+Xc

The condition for resonance is

XL — Xc N wrL _ wrC
RL2+X1%  Re2+Xc2 Rp%+02L2 2
L +XL c"+Xc L"+or Rc*+—5—

Cross multiplying

0 ’LC (Re? + =) = R + @212

@2 C2

02LC|R? —£| =R, 2 -

1
Wy =—
r  JLC l
Resonance frequency
fo="t=—
r— 211 - 2riVLC

Since the resonance frequency f. must be a real value, it is necessary that both
the quantities (RL2 — %) and (Rcz — %) should be of the same sign (either +ve or -
ve). If this is not satisfied resonance will not occur.

Since the circuit behaves as a pure conductance and hence the current at
resonance is

Io=VG6=V|ty+ 7]

RL2+XL2 RC2+XC2
Usually the resistance associated with capacitance is small and considering an
ideal capacitor i.e. R¢ = 0, then
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Resonance frequency, f. = — R’
q. Y7 r — ZH\/E _%
f=1 L (R_)
'™ 2n4LC L2
VRL
Current at resonance [y =—-—5
Ry +Xy,
Ru2+X.2 | Rp2+0.2L2 L L
Impedance at resonance = —+— =--—"T = =R 4+ ——R =—
RL Ry, CRy, CRL

. L. . . .
The impedance at resonance o s called dynamic resistance or effective
L

resistance of the circuit.

Resonance can also be obtained by varying different parameters in the above
circuit.

Resonance by varying L and keeping all other parameters constant

In the parallel circuit shown in fig 1.8 a), we would like to get resonance at w =
w, by varying only X;. The conditions for resonance is
XL Xc
RL2+XL2 - RC2+XC2
Cross multiplying we will get
XL(RCZ + XCZ) = Xc(RLZ + XLZ)
The above equation is written as a quadratic equation in the variable X,
XcXp? = X (R + Xc%) + XcR 2 =0

Solving for X,

[(Rc2+Xc2)i\/(RCZ+XC2)2—4XC2RL2}
2Xc

Zczi ZC4_4’XC2RL2

2Xc

Zczi ZC4_4’XC2RL2

oL = 3

®rC

L= g lzcz + ch4 — 4XC2RLZl

In similar way, resonance can be obtained by varying by varying C (or X¢), Ry, or
R¢ in the above circuit. The corresponding values ofX¢,R;, or R can be obtained
from equationXL(Rc2 + XCZ) = XC(RLZ + XLZ).

XL = (DrL =

oL =

2L

(Zin ZL4_4RC2XL2>
Where ZL = RL2 + XLZ

The value of C at resonance C =




The value of RL at resonance Ry = \[o)rz + LCR(? — 0,212 +%

R2 L 1
The value of RL at resonance Re = = —
C or2LC te @r2C2

Resonance at all Frequencies

Now, we would like to obtain the condition so that the two branch
parallel circuit resonates at all frequencies. The condition for resonance is

XL,  __ Xc
RL2+XL2 - RC2+XC2
wlL _ ®C
R2+w?I?2 ~ 1+@2C2Rc2
1 1

2 = 1, 2 2
<R%>+w2L cto"CRe
In order that the above equation is independent of ® we must have
Ry2 1, L
L ="je,R1Ei==
L ¢ C
L
L = CR*RCE = c

Hence the condition for resonance at all frequencies is
L
RLz _ Rcz =z

L
RL=RC= E

A

Q-Factor of Resonant Circuit

The parallel circuit behaves as a pure conductance at resonance and has
minimum admittance maximum impedance. The circuit offers very high
impedance for frequencies near resonance and hence does not allow these
frequencies readily than other frequencies, i.e., the circuit will reject the
frequencies near the resonant frequency and hence this resonance is called
Rejector resonance.

In this circuit, at resonance total current I is minimum and the branch
current I; and I, will equal and much greater than the total current.

. Iy orl . . .
The ratio of % at resonance is called current magnification.

The above ratio also represents quality factor or Q-factor.
The quality factor is also given by @ at resonance
B; or B,

Q — factor = — at resonance



UNIT - 11
Balanced Three Phase circuits

Objectives:

» To introduce the concept of three phase electrical supply.
» To analyze three phase balanced systems
» To Measure three phase active and reactive power.

Syllabus:

Phase sequence-Star and Delta connection-Relation between line and phase
voltages and currents in balanced systems-Analysis of balanced three phase
circuits-Analysis -Star Delta transformation Technique-Measurement of Active
and Reactive power in balanced three phase systems-Two wattmeter method of
measurement of three phase power.

Outcomes:

On completion the student should be able to:

» Describe the reasons for, and the generation of the three-phase supply.

» Distinguish between star (3 and 4-wire) and delta connections.

» State the relative advantages of three-phase systems compared with single-
phase-systems.

» Solve three-phase circuits in terms of phase and line quantities, and the
power developed in three-phase balanced loads.

» Measure power dissipation in balanced three-phase loads, using the 1, 2
and 3-wattmeter methods, and hence determine load power factor.

1.1 Introduction:

There are two types of systems available in electrical circuits, single
phase and three phases. In single phase circuits, there will be only one phase,
i.e the current will flow through only one wire and there will be one return path
called neutral line to complete the circuit.

e In 1882, new invention has been done called polyphase system, that more
than one phase can be used for generating, transmitting and for load
system.

e Three phase circuit is the polyphase system where three phases are sent
together from generator to the load.



e Each phase are having a phase difference of 1200, i.e 120° angle
electrically. So from the total of 3609, three phases are equally divided into
1200 each.

The sinusoidal waves for 3 phase system are shown below.

Volts

R Phase Y Phase B Phase

, et N //_\

Fig.1.1 Three Phase Voltages

e The three phase can be used as three individual single phases. So if the
load is single phase, then one phase can be taken from the three phase
circuit and the neutral can be used as ground to complete the circuit.

1.1.1 Why three phase is preferred over single phase?

e There are number of advantages over single phase circuit.

e The three phase system can be used as three single phase line so it can

act as three single phase system.

eThe three phase generation and single phase generation is same in the
generator except the arrangement of coil in the generator to get 120°
phase difference.

e The conductor needed in three phase circuit is 75% that of conductor

needed in single phase circuit.

A 3-phase system has the following advantages over single phase system.

e For a given frame size of a machine a 3-phase machine will have large
capacity than a single phase machine.

e The torque produced in a 3-phase motor will be more uniform where as
in a 1-phase motor it is pulsating.

e The amount of copper required in a certain amount of power over a
particular distance, is less compared to a single phase system.



1.1.2 Phase sequence:

e It is the order in which the phase voltages will attain their maximum
values.

e From the fig 1.1 it is seen that the voltage in R phase will attain
maximum value first and followed by Y and B phases. Hence three phase
sequence is RYB.

e This is also evident from phasor diagram in which the phasors with its
positive direction of anti-clockwise rotation passes a fixed point is the
order RYB, YBR and so on.

e The phase sequence depends on the direction of rotation of the coils in
the magnetic field.

e If the coils rotate in the opposite direction then the phase voltages
attains maximum value in the order RBY. The phase sequence gets

reversed with direction of rotation.
drec:h

phasor
rakation

Fig.1.2 Phasor Representation of Three Phase Voltages
Then the voltage for this sequence can be represented as
Vg = Uy Sin wt
vy = vpsin( wt — 120°)
vp = U, sin( wt — 240°) = v, sin( wt+120°)
The RMS values of voltage can be expressed as
Vg =V, 20°
Vy = Vst —120°
Vg = Vit —240° =V, £ + 120°

1.1.3 Star and Delta connection

e The three phase windings have six terminals i.e., R,Y,B are starting end
of the windings and R',)Y' and B' are finishing ends of windings.

e For 3 phase systems two types of common interconnections are
employed.



1.1.3(a) Star connection:

e The finishing ends or starting ends of the three phase windings are
connected to a common point as shown in. R', Y', B' are connected to a
common point called neutral point.

e The other ends R, Y, B are called line terminals and the common
terminal neutral are brought outside.

e Then it is called a 3 phase 4 wire star connected system.

e If neutral point is not available, then it is called 3 phase 3 wire star

connection.
R
R

R‘ 1

B
N

¥ B
Y
Y

B

Fig.1.3 Star Connection
1.1.3(b) Delta connection:

e Here the dissimilar ends of the three coils i.e R and Y', Y and B', and B
and R' are connected to form a closed A circuit (starting end of one phase
is connected to finishing end of the next phase).

e The three ends are brought outside as line terminal R, Y, B. Three phase
windings are connected in series and form a closed path.

e The sum of the voltages in the closed path for balanced system of
voltages at any instant will be zero.

R




Fig.1.4 Delta Connection

e The main advantage of star connection is that we can have two different
3-phase voltages.

e The voltages between R & Y, Y & B, and B & R are called line voltages
and form a balanced three phase voltage.

e The voltages between the terminals R & N, Y & N, and B & N are called
phase voltage and form another balanced three phase voltage (line to
neutral voltage or wye voltage).

1.2 Relation between line and phase voltage and currents in balanced
systems:

In this section we will derive the relation between line and phase values
of voltages and currents of 3-phase star connected and delta connected
systems.

1.2.1 Star connection:

e Here, we employ double subscript notation to represent voltages and
currents.

e The terminal corresponding to first subscript is assumed to be at a higher
potential with respect to the terminal corresponding to second subscript.

R

Fig.1.5 Star Connected Syatem

e The voltage across each coil, i.e., the voltage between R& R', Y & Y', and B &
B' are called phase voltages(acting from finishing end to starting end).

e Vgkr', Vyy, Vem or Vry, Vyn, VBN represent phase voltages.

e The voltages across line terminals R & Y, Y & B, B & R are called line
voltages.

e The connection diagram and the corresponding phasor diagram of voltages is
shown in fig.



e From the star connected 3 phase system, it is clearly observed that whatever
currents flow through the lines R, Y, B also flow through the respective
phase windings.

e Hence in star connected system, the phase currents and line currents are
identical.

Phase current (Ipn) = Line currents (Ip)

Iph= ILine

/
/VTE

Fig.1.6 Phasor Diagram of Star System

The voltage Vry between lines R and Y is obtained by adding Vrn and Vny
respectively.

VRry = Ven+Vny = Vry — Vyn
Similarly Vyg = Vyn+Vng = Vyn — VN

VBr = VBNtVNR = VBN — VRN
The line voltage Vry is obtained by adding Vrn with reversed vector of Vyn.Vry
bisects the angle between Vry and —Vyn

VRY? = V12= Vpn? + Vpn? + 2 VpnVpncos 600= 3Vpp?
Vry = V3 Vpn
Line voltage = V3 phase voltage

e The line voltages VRry, Vys, VBr are equal in magnitude and differ in phase
by 1200.

e Hence they form a balanced 3-phase voltage of magnitude V3 Vpn.

e The two voltages differ in phase by 300.

e When the system is balanced, the three phase currents Igr, ly, Iz are
balanced.



The magnitude and phase angle of current is determined by circuit
parameters.

e IR, Iy, Ig are line or phase currents.

e The current in the neutral wire is In and is by applying kirchoff’s current
law at star point, we get

In = -( Ir+ Iy+ Ip)

e If the currents are balanced, then the neutral current is zero.

1.2.2 Delta connection or MESH connection:

—>lu

B ®

Fig.1.7 Delta Connected System

e The currents flowing through the phase windings Irr’, Iyy,, and Iss’ or Iry,
Iys, and Igr are called phase currents and are balanced as shown in
phasor diagram Fig.1.8.

7
\YB

Fig.1.8 Phasor Diagram of Delta System
By applying KCL at node R

Ia+Igr = IRy, Ir = Iry - IBR



Similarly by applying KCL at nodes Y and B
Iy = Iy - Ier
I = Ir- Iy
The line current Ir is obtained by adding Iry and -Igr vectorially. Ir bisects the
angle between Iry and —Igr
IrR? = ILine?= Iph2 + Ipn? + 2 Ipnlpncos 60°
= 3,2
I = V3 Ipn
e Line current(l) = V3 phase voltage(Ipn)
e The line current Ig, Iy, Iz and also equal and differ in phase by 1200°. They

form a balanced system of currents.
e The line and phase currents differ in phase by 30°.

1.3 Analysis of balanced three phase circuits

A set of three impedances interconnected in the form of a star or delta
form a 3-phase star or delta connected load.

o If the three impedances are identical and equal then it is a balanced 3-
phase load, otherwise it is an unbalanced 3-phase load.

The analysis of balanced 3-phase circuits is illustrated as follows

1.3.1 Balanced delta connected load:

R
I Tzy
4 Z
RY ER
Vph
l I
|
-Y- T ]‘.{ ]‘3 Z
Vph YB
B _ ¥
%

Fig.1.9 Balanced Delta Connected Load
Let us consider a balanced 3-phase delta connected load
Determination of phase voltages:
Vry = V200, Vyg = V£-1209, Vgr = V£ — 2400= V21200

Determination of phase currents:



Phase current = Phase voltage/ Load impedance

yA B™7 o BRTTy

_VRry . _Vys . VBR
Iry ; Iy |

Determination of line currents:
Line currents are calculated by applying KCL at nodes R,Y,B
Ir=Iry—Ir; Iy =Iys—Iry; Is = Ier — IvB
e Note: Line currents are also balanced and equal to V3phase current.

1.3.2 Balanced star connected load:
Let us consider a balanced 3-phase star connected load.
For star connection, phase voltage= Line voltage/ (V3)
For RYB sequence, the phase voltage is polar form are taken as

VrN = Vpnz — 90° ; Vyn = Vprs150° ; Vey = Vprs30°

Fig.1.10 Balanced Star Connected Load

For star connection line currents and phase currents are equal

IR=VRN,IY=VYN,IB=VBN,
z’ z’ z’

To determine the current in the neutral wire apply KVL at star point
IntIr+ Iy +1Ig =0
In=-(Ir + Iy + Ig) (since they are balanced)

¢ In a balanced system the neutral current is zero.
e Hence if the load is balanced, the current and voltage will be same
whether neutral wire is connected or not.

e Hence for a balanced 3-phase star connected load, whether the supply is
3-phase 3 wire or 3-phase 4 wire, it is immaterial.



e In case of unbalanced load, there will be neutral current.

1.4 Power calculation in three phase balanced system:

e In a balanced 3-phase load, the currents and voltages are balanced.
e Hence the power in each phase is same and hence power calculations
are based on per phase basis.

e The total power is given by 3 times the power in each phase.

e If Vpn — voltage/ph, Ipn — current/phase and the angle between voltage Vpn
and current Ipn is O then,

v Active power/phase = Vpnlphcos6 watts/ph
v Total active power = 3 VpnlphcosO watts

Similarly,

v' Reactive power/phase = Vpnlphsin® VAR/ph
v’ Total reactive power = 3 Vprlprsin® VAR
v Total volt amps = 3 * volt amps/ph =3 Vpulph volt amps
1.4.1 Expression for power in terms of Line Voltages & Line Currents:
a. Star connected system:
Total power = 3 VpnlpnhcosO

For star connected systems Vi = V3 Vpn ;
'
Vph = \/_:I; and IL = Iph

v' Total power = 3(%)11,003 0
= \3 ViI.cos 0
v' Total reactive power = V3 VLI, sin 6
v' Total volt amps = V3 ViIL
b. Delta connected system:

Total power = 3 VpnlpncosO
For delta connected systems I = V3 Ipn ;

Iph = 4 and Vi = Vpn

v' Total power = 3(%)VLCOS 0

= \3 VilILcos 0
v Total reactive power = V3 ViI., sin 0
., Total volt amps = V3 ViIp



e For either balanced star or delta connected systems, the total active power is
given by total reactive power = V3 ViI, sin 6.Where 6 angle between phase
voltage and phase current.

e The power factor of balanced 3-phase load (either star or delta connected) is
the cosine of the angle between phase voltage and phase current.

e In unbalanced circuit, the power, reactive power and apparent power in each
phase is different. Hence they have to be calculated separately and to be
added to get total power in 3-phase system.

1.5.1 Two watt meter method applied to balanced loads:

In this section, we derive the expression for the readings of watt meters
W; and W used to measure power in a balanced 3 phase load connected to a
balanced 3-phase supply.
Consider a balanced star connected load of impedance ZL 6 ohms/ph as shown
in Figl.11.

&7

Be

Fig.1.11 Two Wattmeter method to measure Active Power

The phasor diagram of voltage and currents are shown in Fig.1.12



Fig.1.12

The phasor diagram is drawn for the RYB sequence is as shown.
Watt meter Wi:
« Current through current coil = Ir

e Voltage across pressure coil = Vrg= Vrs — VBs
¢ Phase difference between Vrs and Ir = 30- 6
e Power measured by W; = Vgrglr cos(30- 0)
e Since the load is balanced, and the supply is also balanced Vrs and Ir

represent line voltage and line currents respectively.
e Reading of W= VLILcos(30 - 6)

Watt meter W2:
e Current through current coil = Iy
e Voltage across pressure coil = Vyg = Vys — Vags
e Phase difference between Vyg and Iy = 30+ 0
e Power measured by W2 = Vygly cos(30+6)
= VLILcos(30+ 6) (1)
e The total power is given by algebraic sum of the watt meter readings.
o Wi;+Wo= VI [cos(30 - 0) + cos(30+ 9)]
= VLIL 2 cos 30%os 6 = V3 ViILcos 0

e W;+Wa= 3 ViIcos O = total power (2)
e The difference in the wattmeter reading:

W1-Wa= VLI [cos(30 - 8) -cos(30+ 0)]

= VLIL 2 sin 30° sin 6 = VipILsin O

e Total reactive power = V3(W1-W2)= V3 VLI, sin 6 (3)
e Dividing (3) by (2) we get,

tan® = V3(W1-Wo)/ W1+ W2 (4)



From the above equation (4) we can calculate phase angle 8 and hence power
factor cos O can be determined from the watt meter readings. 0 is considered
+ve for lagging p.f and —ve for leading p.f.

1.5.2. Measurement of Reactive Power:

Reactive Power can be measured only for balanced Loads.

To measure Reactive Power Wattmeter current coil will be placed in one of the
line and Pressure coil between the remaining two line terminals as shown in
figurel.13

W,

B

Fig.1.13 Single Wattmeter method to measure Reactive Power
Power measured by the wattmeter W; can be obtained from the product of
current through current coil(lr) and voltage measured by the pressure coil(Vyg)

Fig.1.14 Phasor Diagram



From the phasor diagram angle between Vyg and Ir is 90 — 6
Power measured by wattmeter Wiis given by W1 = Vgl cos(90 — 6)
= Vyglgr Sin O
=V, I;sin 0

Reactive Power =3 V, I sin 8= 3 W,
By using this method one can measure reactive Power as V3 times of
wattmeter reading.



UNIT - III
Unbalanced Three Phase Circuits

Objectives:

» To analyze three phase Unbalanced systems
» To Measure active and reactive power in Three Phase Unbalanced
systems.

Syllabus:

Analysis of three phase Unbalanced circuits- Loop method-Application of
Millman’s theorem-Star Delta transformation Technique-Measurement of
power

Outcomes:

On completion the student should be able to:

» Describe the reasons for, and the generation of the Unbalanced Voltages
and Circulating currents.

» Solve three-phase circuits in terms of phase and line quantities, and the
power developed in three-phase Unbalanced loads.

» Measure power dissipation in Unbalanced three-phase loads.

3.1 Introduction:

An unbalanced three-phase circuit is one that contains at least one
source or load that does not possess three-phase symmetry. A source with the
three source-function magnitudes unequal and/or the successive phase
displacements different from 120° can make a circuit unbalanced. Similarly, a
three-phase load with unequal phase impedance values can make a circuit

unbalanced.

The single-phase equivalent circuit technique of analysis does not work
for unbalanced three-phase circuits. General circuit analysis techniques like
mesh analysis or nodal analysis will have to be employed for analyzing such

circuits.



3.2 Analysis of Three phase unbalanced circuits:
3.2.1 Unbalanced delta connected load

Let us consider an unbalanced delta connected load fed from a 3-phase 3
wire balanced supply. Since the terminals are fixed, the voltage drop across
each load impedance is known. Hence the current in each load impedance can
be computed and then apply KCL at junctions to obtain the line currents.

e The method of solution is similar to that of a balanced delta connected
load.

e But the phase currents will neither be equal in magnitude nor have a
phase difference of 1200.

R 7
I Iny
Vph “rY “BR
1 &
% 4K I %B
Vph
= %

Fig 3.1 Unbalanced Delta Load
Determination of phase voltages:
VaB = V2009, Ve = V£-120°, Vca = V£ — 2400= V21200
Phase currents are computed as

Iap= CAB . [po = VBC . ., = Yea
Zpg '’ Zgc ’ Zca

Determination of Line currents:
By applying KCL at junction R, Y, B we get,
Ia =IaB — Isc; I =IBc — Ica; Ic =Ica — IaB;
Check: Ia+Ig+Ic=0

e The sum of the line currents in a 3-phase 3-wire system is zero.

3.2.2 Unbalanced star connected load with neutral

Let us consider an unbalanced star connected load which is fed from a 3-phase
4 wire supply. The neutral of the supply is connected to the star point of the
load i.e., the star point of the load and neutral are at the same potential
(ground potential). The voltage across each of the load impedance is known and
is equal to the line to neutral voltage (phase voltage). The currents in each of



the load impedances can be computed and they will be line currents and they
are unbalanced.

R
I Ix a5
Z.
R
Vi
= oy N iz
M
S5
4
Vi

Fig.3.2 Unbalanced Star Load with Neutral

e Hence in an unbalanced system the neutral wire will carry current and
forms the return path for the phase currents.

e The analysis of 3-phase 4-wire star connected unbalanced load is simple
compared to 3-phase 3 wire star or delta connected loads.

Determination of phase voltages

=Y 00 . =Y, _ 0. -V 0.
Vrs 73 20" ; Vys \/34 120% ; Vs 73 21207 ;
Determination of line currents
=Vers .y —Vvs. .y, _Vss.
IR_ Zr ’ IY Zy ’ IB 75 ’
Neutral current Iy = -( Ir + Iy + Ip)

3.2.3 Unbalanced star connected load without neutral:

An unbalanced star connected load is supplied from a balanced 3-phase
3 wire supply. Since the load is unbalanced, the voltages across each load
impedance are not equal to phase voltage but it is different. The voltages across
each load impedance if it is determined, then we can determine the line
currents.

e Since the voltage across Za, Zs, Zc are different the voltage of the star
point S of the 3-phase load, and of the neutral point of the supply are
different.

e The potential difference between the neutral point of the supply N and
star point S of the load is called Neutral displacement or Neutral shift.



Fig.3.3 Unbalanced star connected load without neutral

3.3 Loop Method:

Fig.3.4 Unbalanced Star Load for Loop Analysis

The voltage Van is taken as reference. Applying KVL for each of the loops.
Loop 1:
[1Zr + (I1 - I2)Zy= Vry
[1(Zr + Zy) — 12(Zy) =Vry
Loop 2:
(Io—T1) Zy + InZp = Vys
-11(Zy) + I2(Zy + Zg) = VyB



Writing down the above equations in matrix form

ZR+ZY _Zy ] [Il] [VRY]
_ZY ZY + ZB IZ VYB

By using cramer’s rule we will get I; and I»

The line currents Ir, Iy and Is are given by
IrR=L;Iy=L-1;Is=-()
The voltage across each load impedance
Vrn = Ir* ZRr; Vys = Iy * Zy ; Vs = Ig* Zp ;
The neutral displacement voltage Vs
Vns = Vrn — Vrs

3.4 Milliman’s Theorem:

Fig.3.5 Star Connected Load

In this method, the neutral shift voltage (Vns) is determined by using the

following expression derived below:
Vs = (VRnYR+VyNYy+VENYB )
NS =-
Yr+Yy+YR

e The line to neutral voltages Vrn , Vyn , and Vgn are the balanced phase
voltages obtained from the supply.

e YRr, Yyand Ys are the star connected load admittances.



The voltages across the load impedances

Vgrs = Vrn + Vns

Vys = Vyn + Vns

VBs = Ven + Vns
The line currents are given by

Applying KCL at the star point S,
Ir+Iy+1Ig=0

Vrs , Vys . Ves -0
7R Zy Zg

3.5 Star / Delta Conversion:

For solving an unbalanced star connected load, we will replaced it by an
equivalent delta connected load and solve the delta connected load. The
principle to get an equivalent delta connected load is to equate the impedances
between corresponding terminals of the two loads as shown below.

R
z
RY
ZBR
¥ B
B

Fig.3.6 Star Delta Equivalents

For delta to star conversion

_ ZryZBr
IR=—"F"—"+—+
Zry+Zyp+Zpr
ZryZ
Ty = RYZYB
Zry+ZyB+Zpr
ZypZ
75 = YBZBR

Zry+Zyp+Zpr



ZRZ
ZRY=ZR+ZY+M

Zg

ZvZ
ZYB=ZY+ZB+%
R

ZgZgr

ZBR =ZB + ZR +
Zy

we can replace a star connected load by an equivalent delta connected load
(A — A conversion)
Phase currents are computed as

_ Vry Vys _ VBr

Iry=—; Iyg=—;Ipr=—
Zpy ’ Zyg ’ ZBR

Determination of Line currents:
By applying KCL at junction R, Y, B we get,
Ir =Iry — Igr; Iy =Iys — Iry ; I =IBr — IyB ;

Check: Ir+Iy+Ig=0

3.6 Measurement of Power:

3.6.1 Two wattmeter method:

e This is the most common method of measurement of power in 3-
phase circuits.
e This method can be employed for balanced or unbalanced, star or
delta connected 3-phase circuits.
W, i
R 2m).

W,

Xf

Fig.1.17 Two Wattmeter method to measure Active Power in unbalanced Load



Let us consider a 3-phase star connected load of impedances Zr , Zy, and
Zs and the two watt meters are connected to measure total power.
The current coils of the two watt meters Wi and W2 are connected in two
lines R and Y, the potential coils W1 and W, are connected between lines R-B
and Y-B.
Let Vrs, Vys and Vgs be the instantaneous values of voltage drops across
the load impedances.
Let ir, iy and i be the instantaneous values of currents in the load
impedances.
The total instantaneous power in the 3-phase load
= Vgs ir*+Vysiv+VasiB (1.1)
From Fig., we see that instantaneous current through W; is ir and the
instantaneous voltage across the pressure coil of W; is Vrg and hence the
instantaneous power measured by W is
W1 = irVre= ir[VRrs-VBs| (1.2)
Similarly the instantaneous power measured by W is
W2 = iyVyg= iy[Vys-Vas] (1.3)
Sum of the instantaneous power read by W1 and W3 is
W1+Wo= ir[Vrs-VBs| +iy[Vys-Vas]
= iRVRrs+iyVys-VBs|[irtHiy| (1.4)
Applying KCL to node s, i.e., star point, we get,
irt+iy+ig = O
irtiy = - i (1.5)
substituting equation (1.5) in equation (1.4) we get,
Wi +W3 = irVrs+ iyVys+ iB Vas (1.6)
e Since equation (1.1) and (1.6) are identical, the sum of the two watt
meter readings given the total instantaneous power.
e Actually the power measured by each watt meter varies from instant to
instant. But inertia of the moving systems makes the pointer to read the

average power.



e The above proof does not assume a balanced load or a sinusoidal wave

form hence is applicable under all conditions.

Assignment-Cum-Tutorial Questions

SECTION-A

1. An unbalanced system is caused by
a) The source voltages are not equal in magnitude
b) Difference in phase by angles that are unequal

c) Load impedances are unequal.
d) All the above

2. A 400 V, 3-phase, 4 wire, star-connected system supplies three resistive
loads of 15 kW, 20 kW and 25 kW in the red, yellow and blue phases

respectively. Determine the current flowing in each of the four
conductors.

. For the unbalanced circuit in Figure below, Find the generator current
Ica, the line current I.c, and the phase current Iag

a A
!
Z 0o
@ 220 30°v 1
=100 i
220,90° v @ b 'LS = 100
@ 2201500 v z 00
L 10
-
C c

4. For the circuit in Figure shown below, Za=6 - j8,Zb= 12 + j9 , and Zc =
15 . Find the line currents Ia , Ib, and Ic.

I Z,
I
150,/0° V
Il'.l Zl'-'
150/120°V (@) .
150/-12°V T 7
e




5. A delta-connected load whose phase impedances are ZAB = 50 , ZBC =
-j50 , and ZCA = j50 is fed by a balanced wye-connected three-phase
source with Vp = 100 V. Find the phase currents.

6. A balanced three-phase wye-connected generator with Vp = 220 V
supplies an unbalanced wye-connected load with ZAN = 60 + j80 , ZBN =
100 - j120, and ZCN = 30 + j40 . Find the total complex power absorbed
by the load.

7. In Figure, two wattmeters are properly connected to the unbalanced load
supplied by a balanced source such that Vab = 208 V with positive phase
sequence.

(a) Determine the reading of each wattmeter. (b) Calculate the total
apparent power absorbed by the load.

ac R A
200 hr,//l

i -

T Z1z20
l:l .B( <
b o ) ]
“ly, =
106} 1 = 5
\\/f 'j __II'«.'l £1
100 7N
lf

SECTION-B

1. The unbalanced A load of Fig. is supplied by balanced line-to-line voltages
of 440 V in the positive sequence. Find the line currents. Take Va, as
reference.




2. The unbalanced Y-load of Fig has balanced voltages of 100 V and the acbh
sequence. Calculate the line currents and the neutral current. Take

Za=15Q, Z=(10+j5)Q, Zc=(6-j8)Q

3. For the phase sequence indicator as shown in Figure find the equivalent

4. Find the line currents in the unbalanced three-phase circuit of Figure
and the real power absorbed by the load.

a A
/N A
/ \ /\
50/ v
220 /=120° rms V 220 /~0° rms V. ff 5,100
/ \ / ._
i & A\ / J— \ ¢
b E o0

2201207 rms V




5. For the unbalanced circuit in Figure find:
(a) the line currents,

(b) the total complex power absorbed by the load, and
(c) the total complex power supplied by the source.

6. Consider the unbalanced circuit shown in Figure below. Find the
generator current I, the line current Is, and the phase current Isc.

: A
20 AQ
@ 3100V 2500
208/130°V @) b W I:?ﬂ B == -M0Q
2 B
=
@ 2800y 3 B0
20 AQ
A 11y
fs C

7. Three watt meters W1, W2, and W3 are connected, respectively, to phases
a, b, and c to measure the total power absorbed by the unbalanced wye
connected load.

(a) Predict the wattmeter readings. (b) Find the total power absorbed.




8. Refer to the unbalanced circuit of Figure.
Calculate:
(a) the line currents
(b) the real power absorbed by the load
(c) the total complex power supplied by the source

a A

100V 00 .,ﬁ/
s
< L 50
- 440 /=120°V
‘”‘“L”/QD/ Ll 200"
c

SECTION-C

1. A good phase sequence indicator operates with one lamp very bright and
the other very dim. Using the same lamps as in figure but with a
capacitor of different value, can you design a better indicator?

15 watt, 120volt lamp

(W)
2 uF
1L
I\
(o)

b «

Iy —
15 watt, 120volt lamp

Figure shows a typical phase indicator consisting of two resistors
representing two light bulbs each rated 15 watts, 120 volts at 60Hz
frequency, and a capacitor connected to al120 volt three phase system.

2. An unbalanced star connected load is connected across a 3-¢, 400V
balanced supply of phase sequence RYB as shown in fig. Two wattmeters
are connected to measure the total power supplied as shown in fig. Find
the readings of the wattmeters.
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3. Given an unbalanced delta connected load, obtain the respective phase

currents.

p
10020 wa
tl 200
1004-120°C)
100.2120° L

4. Find out the equivalent capacitance when the following transformation is

used

2

(a) (b)

5. A 230V (phase), 50 Hz, three phase, 4-wire system has a phase sequence
ABC. A unity power factor load of 4 kW is connected between phase A
and neutral N. It is desired to achieve zero neutral current through the

use of a pure inductor and a pure capacitor in the other two phases. The
values of inductor and capacitor are

(@) 72.95 mH in phase C and 139.02 pF in phase B.
(b) 72.95 mH in phase B and 139.02 pF in phase C.



(c) 42.12 mH in phase C and 240.79 uF in phase B.
(d) 42.12 mH in phase B and 240.79 uF in phase C.

6. For the three phase system in Figure, compute the generator voltages
Vab, Vbc , and Vca . Assume that each transformer impedance on the high side
is j30 and the transformer resistances are negligible. Assume also that the
lines are very short and thus their impedances can are also negligible.

2400 to 120V

Transtormer

7. As shown in Figure a three-phase four-wire line with a phase voltage of 120
V supplies a balanced motor load at 260 kVA at 0.85 pf lagging. The motor load
is connected to the three main lines marked a, b, and c¢. In addition,
incandescent lamps (unity pf) are connected as follows: 24 kW from line a to

the neutral, 15 kW from line b to the neutral and 9 kW from line a to the
neutral.

(@) If three watt meters are arranged to measure the power in each line,
calculate the reading of each meter.
(b) Find the current in the neutral line.

@
d o _ Motor load
- | P 260 VA,
al |la 0.85 pf, lagging

r

UKW I5kW 9 KW
Lighting loads



UNIT - IV

Transient Analysis for D.C Excitation

Objectives:

» To introduce the concept of Transients in electrical circuits.
» To study the transient behavior of RL, RC & RLC circuits for DC
excitation.
Syllabus:
Transient response of series R-L, R-C and R-L-C circuits for DC excitation-

Initial Conditions-Solution method using differential equation approach and
Laplace transform method

Outcomes:

On completion the student should be able to:

» Calculate the time constant for RL and RC circuits.

» Analyze the transient behavior of first order and second order circuits for
DC excitations using differential equation approach & Laplace transform
approach.

» Obtain the transformed networks and find the response using inverse

Laplace transforms.

4.1 Introduction to Transients

Transient analysis (or just transients) of electrical circuits is as
important as steady-state analysis. When transients occur, the currents and
voltages in some parts of the circuit may many times exceed those that exist in
normal behavior and may destroy the circuit equipment in its proper operation.
We may distinguish the transient behavior of an electrical circuit from its
steady-state, in that during the transients all the quantities, such as currents,

voltages, power and energy, are changed in time, while in steady-state they



remain invariant, i.e. constant (in d.c operation) or periodical (in a.c operation)
having constant amplitudes and phase angles.

The cause of transients

echange in circuit parameters and/or in circuit configurations, which

usually occurs as a result of switching (commutation),

eshort, and/or open circuiting,

e Change in the operation of sources etc.

The transient processes are attained by the interchange of energy, which
is usually stored in the magnetic field of inductances or/and the electrical field
of capacitances. Any change in energy cannot be abrupt otherwise it will result
in infinite power (as the power is a derivative of energy, p=dw/dt), which is in
contrast to physical reality. All transient changes, which are also called
transient responses (or just responses), vanish and, after their disappearance,
a new steady-state operation is established. In this respect, we may say that
the transient describes the circuit behavior between two steady states: an old
one, which was prior to changes, and a new one, which arises after the
changes.

A few methods of transient analysis are known: the classical method, The
Cauchy-Heaviside (C-H) operational method, the Fourier transformation
method and the Laplace transformation method.

Comparing the classical method and the laplace transformation method
it should be noted that the latter requires more knowledge of mathematics and
is less related to the physical matter of transient behavior of electric circuits
than the former.

Classical method of transient analysis is based on the determination of
differential equations and splitting the solution into two components: natural
and forced responses. The classical method is fairly complicated

mathematically, but is simple in engineering practice.



4.2 Natural and Forced Responses:

Solving differential equations by the classical method, complete solution
of any linear differential equation as composed of two parts: the complementary
solution (or natural response) and the particular solution (or forced response).
To understand these principles, let us consider a first order differential
equation,

L+ POV = Q) (4.1)

Here Q(t) is identified as a forcing function, which is generally a function
of time (or constant, if a d.c. source is applied) and P(t), is also generally a
function of time, represents the circuit parameters. In our study, however, it
will be a constant quantity, since the value of circuit elements does not change
during the transients (indeed, the circuit parameters do change during the
transients, but we may neglect this change as in many cases it is not
significant).

v =ePt[QePtdt + Ae~P* (4.2)
General solution can be written as

V = Vpj + VcF
vp; = Particular integral = e~P* f QePtdt

vcr = Complementary Function = Ae Pt

In general vp; may be written as a Steady state value, designated asV.
Remaining part V is called Transient portion of solution V.
V=V, +V;
Vp; = Vi = Source response = Steady state response = Forced response

Vcr = V; = Source free response = Transient response = Natural response

Complete solution is composed of two parts. The first one, which is
dependent on the forcing function Q, is the forced response (it is also called the
steady state response or the particular solution or the particular integral). The
second one, which does not depend on the forcing function, but only on the

circuit parameters P (the types of elements, their values, interconnections, etc)



and on the initial conditions A, i.e., on the “nature” of the circuit, is the natural
response. It is also called the solution of the homogeneous equation, which
does not include the source function and has anything but zero on its right
side. Following this rule, we will solve differential equations by finding natural

and forced responses separately and combining them for a complete solution.

Element Behaviour immediately Behaviour as | —es=
after excitiation is given i.e. steady state
t=0" instant

L o.C. s.C.

o— Miii—@ — o o— o o o
— 1y J 5C
c 5.C. o.C

o I I & & s | o o o o

:
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4.3 Transient response of series RL, RC, RLC circuits for DC excitation
4.3.1 Transient Response of series RL circuit for DC excitation

Consider series RL circuit shown in Fig.2.1. Consider that switch closed
at t=0 and before that switch is open for a long time.
Initial condition

At t = 07, Switch is open

i(07))=I, =0

And also we know that inductor does not allow sudden change in current
through it.

i.ei(0*) =i(07) =1, =0




For t > 0 the switch is closed

Apply KVL to the circuit
- di) _

Ri(t) + L i

Rearranging

di(t)

R. \4
o T =1

R
The solution to above equation is i(t) = % +ce it (4.3)

To find c

To find the arbitrary constant ‘c’ use the initial condition i(0%) =i(07) =
I,=0

\Y
i(0)=0==+c

R
Vv
‘TR
Substituting c in equation 4.3 we get
vV V _R
i(t) =———e L
i) =¢—ge
\Y R
iM=x0- e’L)
The point P shown in U
Fig.2.2 denotes that current v _
" Maximum value
rise in the circuit rises to 0.632 y
(0.632) -3
times maximum value in
steady state. The time required - Time
t
for current to rise to 0.632 of [ L A
its final value is known as time
Fig. 2.2
constant of given RL circuit. It
is denoted by t Voltage

= — secC

Time

ol t

Fig. 2.3 Variation of vg(t) and v_(t) with time



Significance of Time constant

To study significance of Time constant substitute different values of t in i(t)

At t=r1, i(t) = %(1 —e D) = 0.632%
. \% 2 \%
At t = 21, i(t) = E(l —e %) = 08646E
. \% —4 \%
At t = 41, i() =—(1—e™) = 09816
. ' —6Y _ '
At t = 6r, i() =—(1—e) =09975~

From above values up to first time constant period, the initial rate of
raise in current is high. But after one time constant period, this rate slows
down for further period of time. Ideally the current reaches steady state value
at infinite time, but practically the current reaches steady state value after t =
6T or 8t.

The voltage across the Inductor
di(t)
dt

VL=L

d v R,
Vv, = La[ﬁ(l —eLY
w=fo- (@) ()¢ ™)

_R,
VL(t) =Ve L

The voltage across the Resistance

Vr(t) = V(1 — e_%t)

4.3.2 Transient Response of series RC circuit for DC excitation
Consider series RC circuit shown in K

Fig.2.4. Consider that switch is closed at t=0

and before that switch is open for a long

time.




To find transient response of driven series RC circuit means to find
expression for voltage across capacitor V¢(t)
Initial condition

At t = 07, Switch is open

Before closing the switch active source is not presented in the circuit, so
the initial voltage across capacitor is zero.

Ve(07) =V, =0

And also we know that Capacitor does not allow sudden change in
voltage across it.

i.e Ve(0H) =V (07) =V, =0
For t > 0 the switch is closed
Now the voltage source is introduced in the circuit.

Apply KVL to the circuit
Ri(D) + = [i(dt =V (4.4)
Here i(t) is the current in the circuit also flows through the capacitor.

Differentiating the equation w.r.t time
di(t) | 1.
RED +2i(0) = 0 (4.5)
i(t) = Ke™/rc (4.6)
K= Arbitrary Constant
To find K
To find K use the initial condition at t =0, V:(0") =V.(07) =V, =0
Substitute t=0 V:(t) = 0 in equation 2.4
\Y
Ri(0) =V =i(0) = R
Substituting t=0 in equation 4.6

V—K
R =

Substitute K value in equation 4.6

\'%
i(t) = ﬁe‘t/Rc

Above expression is combination of steady state response O and transient

response

\%



In the above equation RC is time constant of the series RC circuit.
T = RCsec

Significance of Time constant

To study significance of Time constant substitute different values of t in i(t)

At t=T1, i(t) =7e! =03679 %
At t=2r, i(t) =7e? =01353 %
At t=4r, i(t) =7e™* =00183 *
At t= 6, i(t) =T e =0.0025 *

From above values we can observe that, the current through capacitor
drops from E to 0.3679 in one time constant. But after one time constant

period, this rate slows down for further period of time. Ideally the current
reaches zero value at infinite time.

Velt) | '\

Fig. 2.5 Variation of Vc(t) and i(t) against time t

4.3.3 Transient Response of series RLC circuit for DC excitation
Consider a series RLC circuit shown in fig. 2.6, such
that switch is closed at t=0 and before that switch is o—ANN— T
open for a long time. +
Initial condition ! p _: I
At t = 07, Switch is open
i(07)=1,=0




And also we know that inductor does not allow sudden change in current
through it.

i.,ei(0*) =i(07) =1, =0

Before switch is closed at t =07, there is no current through the circuit
and capacitor is also uncharged.
Current through inductor and voltage across capacitor does not change

instantaneously.
Ve(0F) =Ve(07) =V, =0

For t > 0 the switch is closed

Apply KVL to the circuit

di(t)
dt

Ri(t) + L2 + 2 [Ji(Ddt =V (4.7)

This is an integro differential equation, differentiating on both sides to get the

total equation in differential form.

d?i(t) di(t) i(t)
L TR ¢ =0

dtz2 "L dt ' LC
Above equation is of quadratic expression form.

d?i(t) Rdi(t) N i(t) 0

Let miand m» be two roots for the above equation given by

R R\? 4
N (D) “IC__R (5)2_i
12 2 2L — | \2L LC

Depending on the values of R,L and C three different cases arise
Case (i)

R? > %(Discriminant is positive) (Over damped)

The roots m,;, m, are real and different

The solution of this equation of the form



i(t) = AeMt 4 Be™2t(2.8)

Evaluate the constants A and B

To evaluate the constants A and B, we have to substitute the initial conditions
(i) At t=0, i(0*) =i(07) =1, =0
() At t=0, Ve(0*) =Vc(07) = Vo = 0 i.e=[i(dt =0
At t=0, Substitute these values in the equation 4.7 and 4.8 we get

di(t)

L—2 =
0+ T +0=V
iy, v
dt 'B0 T L

i(0) = Aem:(0) 4 Be™2(0)
0=A+B (4.9)

Differentiate equation 4.8

di(t
% li=o = Am;e™1(® + Bm,em2(®)
'
From equations 4.9 and
4.10 A
v i(t
A(m; —my) = L ®
A \Y%
L(m; —my)
B -V
L(m; —m;)
i(0) = ———— [e™ >
L(m; — m,) Time

Fig 2.7 Current response in over damped case



Case (ii)

R? = % (Discriminant is Zero) (Critically damped)

The roots m,, m, are real and equal.
R
2L
The general solution of differential equation when roots of characteristic
equation are equal is

my, =

i(t) = (A + Bt)e™t

R
i(t) = (A+ Bt)eztt
Evaluate the constants A and B

To evaluate the constants A and B, we have to substitute the initial conditions
i  Att=0,i(0") =i(0")=1,=0
() At t=0, Ve(0*) =Vc(07) = Vo = 0 ie[i(dt=0

() i(0) = (A+B(0)e 2

i(0)=A=0
.. di(t \"%
(i) 2o =1
di(o) Ry _R, R,
— P—— 2L 2L
- (A+Bt)< 2L>e + (B)e
di(t)

R\ -R R v
O o= (A +B(0) (-2 ) ez + (B)ea® =¥

R \%
A=) +® =1
V i(t)

B = L sinceA=0

\V R
i(t) = —te2L*
L ~

Time

Case (iii) Fig 2.8 Current response in critically damped case
R? < %(Discriminant is negative) (Under damped)
The roots m;, m, are Complex conjugates.

m; = —a+jp

m, = —a—jB



2L~ 2L C
_ R
4=

1AL

B_ZL C

The solution is
i(t) = Ae(-atiPt 4 Bel-a-iP)t = e—at[Ae(iB)t + Be(—iB)t]
= e %[(A + B)cosPt + j(A — B)sinpt]
i(t) = e ““[McosPt + Nsinpt] (4.11)
Where M=(A + B) and N=j(A — B)

The constants can be found by using initial conditions
(i) At t=0, i(0*) =i(07) =1, =0
(i) Att=0, Vc(0*) =V (07) =V, =0
.1t
i.e Efo i(t)dt=0

it)
'

Fig.2.9 Damped oscillations

4.4 LAPLACE TRANSFORM

4.4.1 Introduction
Laplace transform is an alternate approach to solve transients which is
easier for complex circuits.So, the transform method in general can be

represented by the expression
f(t) - F(s)



Which shows the one-to-one correspondence between the time-domain
function f(t) and its frequency domain transform F(s), where s =0+ jo is the
complex frequency.

4.4.2 Definition of the Laplace Transform

The so called two-sided or bilateral Laplace transform of F(t) is defined as
F(s) = f e SH(t)dt

In circuit analysis problems the forcing and response functions do not
usually exist endlessly in time, but rather they are initiated at some specific
instant of time selected as t=0. Thus, such functions that do not exist for t<O
can be described with the help of unit step functions as f (tju(t). For these
functions the Laplace transform defining integral is taken with the lower limit

att=0".

F(s) = j we‘Stf(t)dtz j e SH(t)dt

The latter integral defines the one-sided or unilateral Laplace transform,
or simply the Laplace transform of f (t). The lower limit t = 07 (as distinguished
from t= O or t=0+) in a one-sided Laplace transform is taken in order to include
the effect of any discontinuity at t=0, such as an impulse function and
independent initial conditions such as currents in inductances i (07) and
voltages across capacitances v.(07).

Key Points
1. The terms “two-sided” or bilateral are used to emphasize the fact that
both positive and negative times are included in the range of integration.
2. In transient analysis of electric circuits t = 07is denoted as the time just
before the switching action, and t = 0*as the time just after the switching
action, representing radically different states of the circuit.
Mathematically, f(07) is the limit of f (t) as t approaches zero through
negative values (t<0), or the limit from the right, and f(0") is the limit as t

approaches zero through positive values (t>0), or the limit from the left.



4.4.3 Steps in Applying the Laplace Transform:

1. Transform the circuit from the time domain to the s-domain.
Solve the circuit using nodal analysis, mesh analysis, source
transformation, superposition, or any circuit analysis technique with
which we are familiar.

3. Take the inverse transform of the solution and thus obtain the solution
in the time domain.

Properties of the Laplace transform. Laplace transform pairs.*

Property fie Fis) flry Fis)
Linearity a filf) + az fo(1) a F s + azF,(5) a1 I
1 (s ) 1
ali ( —_Fl = uir) —
Scaling flat) p F(a) P
Time shift flt — ault — a) e " F(s) g l
Frequency shift e fir) Fis + a) SI ra
, df I —
Time m sF(s) — fl07™) 5
differentiation ;1 p n!
i . n
d—’f FFi5) — s5f(07) — £(07) 5"
IW 3 3 fr— - te~ 0 I
d’f ' Fs) — 57 f(07) — 5f1107) (s + a’
dt’ =f07) 0 —at n!
a e " D —
d’f SFis) — 8 07— S0 s + "'
dt" — e — I
" A sin wf —
) ) ) 1 54w
Time integration J flahdx TFU] ;
0 ’ cosal —
F ) 9 ps) fre
requency ——Fs o
differentiation ds sin(ei + &) M
f{;] * 5+ w
Frequency — Fls)ds 5cosf — wsinf
integration ! ] coslwt + ) B
. T ] Fiis) ’
Time periodicity fit) = fit + nT) W e gin oof — &i —
Initial value f(0) lim sF(s) : ;” ) “
e —af Ll
' i e —
Final value fime) !irr(lr sF(5) £ e (5 +a) + w”
Convolution f8) * f5(0 F\(5)F,(5)

*Defined for t = 0; f(1) =0, fort < 0.
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* T 5C | p
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Figure
Representation of a capacitor: (a) ime-domain, (b,c) s-domain equivalents.

i(r) Ii(s) I(5)

N —_— E— —
i(0) j <
= | = (3 #0)
w(t) l i I V(s) | V(s) 2 () &0
(T Licor)
o ZJ o

(a) (b) (c)
Figure

Representation of an inductor: (a) time-
domain, (b,c) s-domain equivalents.

4.5 Application of Laplace Transforms to series RL, RC, RLC circuits with
DC Excitation

4.5.1 Transient Response of series RL circuit for DC excitation
Consider series RL circuit shown in Fig.. Consider that switch closed at
t=0 and before that switch is open for a long time.
Initial condition _O)’ R
At t = 07, Switch is open r’l © M
i(07)=1,=0

And also we know that -y

) : .'I L "II,.’L —_— L ﬂ
inductor does not allow sudden / dt

change in current through it.

iLei(0") =i(07) =1, =0

Fig.2.13



For t > 0 the switch is closed

ApplyKVL to the circuit R
Ri(t) + LE0 = o MN
ApplyLaplace transform to the above \
equation
v Vis iis) | Ls
RI(s) +L(sl(s) —i(0)) = — Y / _
We know that
i(0") =i(07)=1,=0 Fig.2.14
\Y
RI(s) + L(sI(s) — 0) = 3
\Y
RI(s) + LslI(s) = S
\Y
I(s)(R+Ls) = S
v
I(S) - s(R+Ls)
Applying partial fractions
_A B
I(s) = -+ LD (4.18)
\Y _ A 4 B
s(R+Ls) s (R+Ls)
\% B A(R+ Ls) + Bs
s(R+Ls)  s(R+Ls)
V=A(R+Ls) + Bs (4.19)

Substitute s=0 in equation 4.19
V =A(R+0)+B(0)

A=
R

Substitute s = —% in equation 4.19



Substitute A and B values in the equation 4.18 we get

\%
\Y —R V
I(s)=R+i =@_L
s (R+Ls) s RL(5+%)
Vv Vv
I(s)=%— ®

(s+1)

Applying inverse Laplace transform to the above equation we get

R R
i()=-——et!=2(1-et)

The voltage across the Resistance

Vg = Ri(t) a

Maximum value

R
Va(t) =V(1—e LY

Time

VLD =V = Vg(D)

R,
VL(t) = Ve L

We can see that the current starts at
zero and increases up to V/R with a time

constant (t = %) and with the behaviour of an

inverse exponential decay function. It is
common to consider the current in steady-state
after approximately 5t. ol t

Tima

Fig.2.16 Variation of vg(t) and v (t) with time
It is important to keep in mind that the

current cannot change instantaneously due to the conservation of the
movement in the magnetic flux associated to the inductor. In other words, the



magnetic flux has to be continuous, i.e., an instant change in the current
would require an infinite voltage which is obviously impossible in a real system.

4.5.2 Transient Response of series RC circuit for DC excitation

Consider series RC circuit shown in Fig2.17. Consider that switch closed
at t=0 and before that switch is open for a long time.

To find transient response of driven series RC circuit means to find
expression for voltage across capacitor V¢(t)
Initial condition

At t = 07, Switch is open

R
Before closing the switch %‘ V VYV T
t=0

active source is not presented —\
in the circuit, so the initial Vv () T C Vc(t)

T it) )
zero. *_ ,f/

Ve(07) =V, =0 -
Fig.2.17

voltage across capacitor is

And also we know that
Capacitor does not allow sudden change in voltage across it.

i.e Ve(0Y) =Ve(07) =V, =0

For t > 0 the switch is closed

Now the voltage source is

introduced in the circuit.

Apply KVL to the circuit N 1 1
v 1 Vv () \ T Cs
§=Rl(s)+al(s) 1 S I(s)

V=1(s) (Rs + E) \
Vv
1(s) = RS +% Fig.2.18
Vv
() ="~
R(S + m)



Applying Inverse Laplace transform for the above equation we get

\Y _1.
i(t) = —e RC
i(t) Re

) Vo_1,
= — RC
i(t) 7 e

Vr() =i(t) xR

Vv 1
VR(t) = ﬁe_R_Ct * R

1
Ve (t) = Ve RrC

Ve(® =V —Vr(D)

1
Ve(t) = V— Ve Re

t
Vo(t) =V — Ve RC

i(t)

0 t ol t
Fig.2.19 Variation of Vc(t) and i(t) against time t

2.6.3 Transient Response of series RLC circuit for DC excitation
Consider series RLC circuit shown in Fig.. Consider that switch closed at

t=0 and before that switch is open for a long time.

R L

o /\/WI_/VVL
g T
v O itt}\.; R

Fig.2.20




Initial condition

At t = 07, Switch is open!
i(07)=1,=0

And also we know that inductor does not allow sudden change in current
through it.

i.,ei(0*) =i(07) =1, =0

Before switch is closed at t =07, there is no current through the circuit
and capacitor is also uncharged.
Current through inductor and voltage across capacitor does not change
instantaneously.

Ve(0H) =V (07) =V, =0

For t > 0 the switch is closed o Ls

Apply KVL to the circuit — o ANAAN

t=0
di — 1
Ri(t) + L—() + = f i(Ydt = () N\ +~cs

V :
Taking Laplace transform to the ° ”?ﬁ
above equation A

1 Vv
RI(s) + LsI(s) + gl(s) =3 Fig 221
1 Vv
I1(s) (R+Ls+—) =—
Cs S
\%
I(s) = 1
S (R + Ls+ ﬁ)
VC
I8 = ResF Lz + D)
VC
I(s) =
R 1
LC(s? + s +1c)
_ v
1(s) = L(sz+%s+Ll—C) (4.20)
\%
I(s) =
L (52 + %s + %)




By taking partial fractions we get equation in the form of
Ay N A,
(s+m;) (s+m,)

I(s) =

Then applying inverse Laplace transform to above equation we get

i(t) = Aje ™t + A e~ M2t

l(t) = Ale_mlt + Aze_mzt

. R 1
Here m; and m, are Roots of equation s? + TSt = 0

R R\} 4
Tt (I) “IC
ml— 2
_R_ B)Z_i
L L) TIC
mz— 2
R 1, A
M1z = =50 oL C

Case (i)

R? > Z(Discriminant is positive) (Over damped)
The roots m,;, m, are real and different

Case (ii)

R? = %(Discriminant is Zero) (Critically damped)
The roots m;, m, are real and equal.

Case (iii)

R% < %(Discriminant is negative) (Under damped)

The roots m;, m, are Complex conjugates.



UNIT -V

Transient Analysis for A.C Excitation

Objectives:

» To introduce the concept of Transients in electrical circuits.

» To study the transient behavior of RL, RC & RLC circuits for AC excitation.
Syllabus:
Transient response of series R-L, R-C and R-L-C circuits for sinusoidal excitation-

Initial Conditions-Solution method using differential equation approach and
Laplace transform method

Outcomes:

On completion the student should be able to:

» Analyze the transient behavior of first order and second order circuits for
AC excitations using differential equation approach & Laplace transform
approach.

» Obtain the transformed networks and find the response using inverse

Laplace transforms.

5.1 Introduction to Transients

Transient analysis (or just transients) of electrical circuits is as important
as steady-state analysis. When transients occur, the currents and voltages in
some parts of the circuit may many times exceed those that exist in normal
behavior and may destroy the circuit equipment in its proper operation. We may
distinguish the transient behavior of an electrical circuit from its steady-state, in
that during the transients all the quantities, such as currents, voltages, power
and energy, are changed in time, while in steady-state they remain invariant, i.e.
constant (in d.c operation) or periodical (in a.c operation) having constant
amplitudes and phase angles.

The cause of transients

echange in circuit parameters and/or in circuit configurations, which

usually occurs as a result of switching (commutation),

eshort, and/or open circuiting,



eChange in the operation of sources etc.

The transient processes are attained by the interchange of energy, which is
usually stored in the magnetic field of inductances or/and the electrical field of
capacitances. Any change in energy cannot be abrupt otherwise it will result in
infinite power (as the power is a derivative of energy, p=dw/dt), which is in
contrast to physical reality. All transient changes, which are also called transient
responses (or just responses), vanish and, after their disappearance, a new
steady-state operation is established. In this respect, we may say that the
transient describes the circuit behavior between two steady states: an old one,
which was prior to changes, and a new one, which arises after the changes.

A few methods of transient analysis are known: the classical method, The
Cauchy-Heaviside (C-H) operational method, the Fourier transformation method
and the Laplace transformation method.

Comparing the classical method and the laplace transformation method it
should be noted that the latter requires more knowledge of mathematics and is
less related to the physical matter of transient behavior of electric circuits than
the former.

Classical method of transient analysis is based on the determination of
differential equations and splitting the solution into two components: natural and
forced responses. The classical method is fairly complicated mathematically, but

is simple in engineering practice.

5.2 Natural and Forced Responses:

Solving differential equations by the classical method, complete solution of
any linear differential equation as composed of two parts: the complementary
solution (or natural response) and the particular solution (or forced response). To

understand these principles, let us consider a first order differential equation,
T4+ P(OV = Q) (4.1)
Here Q(t) is identified as a forcing function, which is generally a function of
time (or constant, if a d.c. source is applied) and P(t), is also generally a function

of time, represents the circuit parameters. In our study, however, it will be a

constant quantity, since the value of circuit elements does not change during the



transients (indeed, the circuit parameters do change during the transients, but we
may neglect this change as in many cases it is not significant).

v =e Pt [ QePldt + Ae™P* (4.2)
General solution can be written as

V = Vp +VCF

vp; = Particular integral = e~ Pt f QePtdt

vcr = Complementary Function = Ae™ Pt

In general vp; may be written as a Steady state value, designated asVy. Remaining
part V is called Transient portion of solution V;.
V=V, +V;
Vp; = Vi = Source response = Steady state response = Forced response
Vcr = Vi = Source free response = Transient response = Natural response
Complete solution is composed of two parts. The first one, which is
dependent on the forcing function Q, is the forced response (it is also called the
steady state response or the particular solution or the particular integral). The
second one, which does not depend on the forcing function, but only on the
circuit parameters P (the types of elements, their values, interconnections, etc)
and on the initial conditions A, i.e., on the “nature” of the circuit, is the natural
response. It is also called the solution of the homogeneous equation, which does
not include the source function and has anything but zero on its right side.
Following this rule, we will solve differential equations by finding natural and

forced responses separately and combining them for a complete solution.
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5.3 Transient response of series RL, RC, RLC circuit for AC

excitation

5.3.1 Transient Response of series RL circuit for AC excitation

—o):'io

R
MWy

v:t@? i

V(t) = Vsin(ot + 6)

Consider series RL circuit shown in figure.

Consider that switch closed at t=0 and before that switch is open for a long time.

Initial condition

At t =07, Switch is open

i(07) =1, =0




And also we know that inductor does not allow sudden change in current
through it.

i.ei(0*) =i(0")=1,=0
For t > 0 the switch is closed

Apply KVL to the circuit

di(t)

Ri(t) + L= = Vmsin(ot + 0) (5.1)

The complementary function of the above D.E is

_Rt
ic=Ke L

This is the transient part of the solution. The steady state solution of equation 5.1

can be obtained by assuming particular integral as
i,(t) = A coswt + Bsinwt
Substituting this solutionin eq 5.1 at 0 =10
RA coswt + RBsinwt + L(—wAsinwt + wBcoswt) = V., sin ot
Comparing similar terms
RA+wLB =0

RB — wLA = V,,

Solving for A and B

WLV, _ VmR
A=  RZ4@2L? and B = RZ+ w22
, oLV, VR
lp(t) = —m coswt + msmwt
. Vin . Vin :
lp(t) = m [Rsinwt — wLcoswt] = \/ﬁsm(a)t —¢)
Where tan¢ = %



The complete solution is given by

. —Et Vm .
i(t)=Ke LT+ ﬁsm(wt —¢)

K can be found from initial condition i(0)=0 and finally the complete solution.

5.3.2 Transient Response of series RC circuit for AC excitation

K

4 —y
=0
‘U’[t}% ) —C

V(t) = Vsin(ot + 6)

Consider series RC circuit shown in Fig..

Consider that switch closed at t=0 and before that switch is open for a long
time.
To find transient response of driven series RC circuit means to find

expression for voltage across capacitor V¢(t).

Initial condition
At t = 07, Switch is open
Before closing the switch active source is not presented in the circuit, so the
initial voltage across capacitor is zero.
Ve(0) =V =0
And also we know that Capacitor does not allow sudden change in voltage
across it.

i.e Ve(01) =Ve(07) =V, =0

For t > 0 the switch is closed

Now the voltage source is introduced in the circuit.

Apply KVL to the circuit



Ri + %f i dt = V,,sin(et + 0)
Differentiating w.r.t time

Rdi+i—V in(wt + 0)
T ¢ = Vmsin(w
di i Vimw
T re = Tcos(wt +6) (52)

The transient part of the solution is

t
iy = Ke RC

This is the transient part of the solution. The steady state solution of equation 5.2

can be obtained by assuming particular integral as
i,(t) = A coswt + Bsinwt

Substituting this solution in eq 5.2 at©0 =10

R(—wAsinwt + wBcoswt) + % (A coswt + Bsinwt) = wVTmcos ot

Comparing similar terms

RA+B—0

w -
A wVy
RwB +—==——
w +C R

Solving for A and B and finally the complete solution is given by

i(t) = Ke_R_tC + ——om —sin(wt +¢)  (5.3)

’ 2
R +(wC)2

K can be found from initial condition.

5.3.3 Transient Response of series RLC circuit for AC excitation




V(t) = Vsin(ot + 0)
Consider series RLC circuit shown in Fig.. Consider that switch closed at t=0 and

before that switch is open for a long time.

Initial condition
At t = 07, Switch is open
i(07)=1,=0
And also we know that inductor does not allow sudden change in current
through it.
Current through inductor and voltage across capacitor does not change

instantaneously.

Before switch is closed at t = 07, there is no current through the circuit and
capacitor is also uncharged.
i(0") =i(07)=1,=0
Ve(0F) =Ve(07) =V, =0

For t > 0 the switch is closed

Apply KVL to the circuit
Ri + L5 + ¢ [ 1 dt = Vysin(ot + 6) (5.4)
This is an integro differential equation, differentiating on both sides to get total

equation in differential equation.

d?i di i
LP + Ra + E = G)VmCOS(G)t + 6)
d%i Rdi i @V,
@ T ta e L st

2
Replace % with D? and % with D we get characteristic equation or auxiliary

equation

D2+RD+ i=o
LTl T

The Transient solution
The Transient solution of this characteristic equation of the form
i(t) = AeM1t 4 BeMmat (5.5)



Where, A and B are constants and m,, m, are roots of the characteristic equation.
The response of the circuit depends upon the nature of the roots of the

characteristic equation.

The roots are,

2
R R\?2 1,2
-5 8-
2L 2L LC
S.No Condition Nature of the roots
RZ -2 50
C
1 or Real and different roots
41,
R? > —
C
R2 -2 =
C
2 or Real and equal roots
41,
R? = —
C
RZ-2L <
C
3 or Complex conjugates roots
41,
R? < —
C

Let



a=-a B=mcF
S.No Nature of the roots Transient part of solution
1 Real and different roots ip = Ae™™t 4 Be~m2t
2 Real and equal roots i = (A+ Bt)e ™™
ii = e”%[Mcospt + Nsinft]
3 Complex conjugates roots Or
ii = e"%*[AcosPt + Bsinpt]

The Steady state solution

The steady state part of solution is given by

is = V7m [sin(ot + ¢)]

1

(L)L——C
Where tan ¢ = T“’

Note: The steady state current in the network lags by an voltage by an angle if
Xy, > X and leads the voltage X¢ > X;.
The total solution
i(t) = ig + i;
i(t) = V7m [sin(wt + ¢)] + Ae~™M1t + Be~mzt (5.6)

Calculation of constants A and B
Constants A and B are calculated using initial conditions

(i) At t=0, i(0*) =i(07) =1, =0

()  Att=0, Ve(0*) =Vc(07) = Vo =0 ie=[li(dt=0

di _ Vi
iy sin(0)



Assignment-Cum-Tutorial Questions
SECTION-A

1. If an RL circuit having angle yp is switched in when the applied sinusoidal
voltage wave is passing through an angle 6, there will be no switching transient
if

a)y—0=0b)y—-06=90 c)y+06=0 d) wy+6=90

2. A two terminal black box contains one of the RLC elements. The black box is
connected to a 220 volts ac supply. The current through the source is I.
When a capacitance of 0.1 F is inserted in series between the source and
the box, the current through the source is 21I. The element is
a) a resistance b) an inductance

c) a capacitance of 0.5 F d) not identifiable on the basis of the given data

3. A 10 Q resistor, a 1 H inductor and 1 uF capacitor are connected in parallel. The
combination is  driven by a unit step current. Under the steady state condition,
the source current flows through.

a) the Resistor b) the Capacitor c) the inductor d) All the three elements

4. If the Laplace transform of the voltage across a capacitor of value of % F is

The value of the current through the capacitor at t = 0" is

S+1
S®*+S?+S+1
2)0Ab)2A(c)(1/2)Ad) 1A

V(s)=

5. A ramp voltage, v(t) = 100 t volts, is applied to an RC differentiating circuit with
R = 5kQ and C = 4 pF. The maximum output voltage is..............ceeeenens



SECTION-B

1. A series R-L circuit has R=20 ohms and L=8 H. The circuit is connected
across a AC voltage source of 120 V at t=0. Calculate the time at which the
voltage drops across R and L are the same.

2. Find the current in the circuit shown in fig. for t>0. At t=0- the network was
unenergized.

10 sin2t 1Q

3. In the Figure , determine complete solution for current, when switch K is
closed at t = O for applied voltage v (t) = 400 cos (500t + w/4). Derive the
expression for the current

MV L
400 cos (500t +%} (~) ) ——= 3 pF
i

4. Derive mathematical expression for the transient response of series R-L

circuit for an excitation of V Cos( ot +¢).

5. Derive mathematical expression for the transient response of series R-C

circuit for an excitation of V Cos( ot +¢).

6. Derive mathematical expression for the transient response of series R-L-C

circuit for an excitation of V Cos( wt +@).



SECTION-C

1. A unit step voltage is applied at t = O to a series RL circuit with zero initial
conditions.

a) It is possible for the current to be oscillatory.

b) The voltage across the resistor at t = O+ is zero.

c) The energy stored in the inductor in the steady state is zero.
d) The resistor current eventually falls to zero

2. The time-domain behavior of an RL circuit is represented by

L%+ Ri=V, (1 ge L) sint)u(t).

For an initial current of i(0)= Vo/R What is the steady state value of the
current.

3. In the circuit shown, the switch SW is thrown from position A to position B
at time t = 0. What is the energy (in uJ) taken from the 3 volts source to charge
the O0.1uF capacitor from O to 3 volts.

4. In the figure, the switch was closed for a long time before opening at t = O.

The voltage Vx at t = O*is



5H

YT

VMW
20

— %

5. A square pulse of 3 volts amplitude is applied to C-R circuit shown in the
figure. The capacitor is initially uncharged. The output voltage V2 at time t = 2
secis

Vi a
0.1 pF

[¥8 ]
+0
b
+ O

2 sec

6. For the circuit of figure, I.(0)=2 A and V¢(0)=5V. Sketch V(t) for t >0

iR] i
)V(t) 3500 LgloH == 1/640 F

is = 20sin(6400t+ 90°)uy(t) A

7. The circuit of Figure 1.26 a known as a Multiple Feed Back (MFB) active low-
pass filter. For this circuit, the initial conditions are Vc1=Vc2=0. Compute and
sketch for.



40L( == 10 nF
50LQ

)OOLQ 7 R, 2

lI]

25 1F l

C

Vin(t)=(0.25 cos 6280t)u(t) V



UNIT - VI
Two port Networks

Objectives:

» To study the relationship between the input and output voltages and
currents and define different sets of two port parameters.
» To study the relationship between different two port networks and

interconnection of two port networks.

Syllabus:

Introduction to Two port networks- Z, Y, ABCD and hybrid parameters and their
relations. Cascaded networks.

Outcomes:

On completion, the student should be able to:

» Determine Z, Y, ABCD & h parameters for two port networks.
» Derive the relationship between different two port parameters.

» Interconnect different two port networks and obtain the relation between the
input and output quantities of the combined two-port network.

6.1 Introduction:

A two-port network has two pairs of terminals, one pair at the input known as
input port and one pair at the output known as output port as shown in figure: 6.1.
There are four variables V,;,V,,[;and [, associated with a two port network. Two of
these variables can be expressed in terms of the other two variables. Thus, there
will be two dependent variables and two independent variables. The number of
possible combinations generated by four variables taken two at a time is 4C,, i.e.,
six. There are six possible sets of equations describing a two-port network.

Two-port network Vo

os-}»

Figure: 6.1 Two-port network



6.2 Two-Port Parameters:

Parameter Variables Equation
Express In terms of
Open-Circuit Vi =7yl + 7451
Impedance
P I,1, Vo =721 14 + 70,
V17V2
Short-Circuit L =Y,V + Y, V5
. 11 ,Iz V1>V2
Admittance I, = Y5, V; + Y5, V,
V1 = A VZ —_ B IZ
Transmission Vi, V.1, L=CV,-DI,
: V, = A'V;- B,
nverse v
Transmission Va,lz Vi.ly [ =CV;- DLy
V; = hy;I; + h;, V.
Hybrld 1 1141 12V2
Vi1, I,V, I, =hyly + hy,Vs
Inverse [, = VvV, + [
' I,,V, V., 1, 1= 811V1 T 81212
Hybrid Vy = 821Vi + 82205

6.3 Open-Circuit Impedance Parameters (Z Parameters)

The Z parameters of a two-port network may be defined by expressing two-port
voltages V; and V,in terms of two-port currents I; andl,.

Vi, Vo)= f(14,13)

Vi =72111; + 7451,

Vo =711 + 71,

In matrix form, we can write Vl] = [le le] [Il]
V, Ly Zy]ll

[V] =[z][1]



The individual Z parameters for a given network can be defined by setting each of
the port currents equal to zero.

Case 1: When the output port is open-circuited, i.e., Io =0
\
Zy1 = 1_1/ [,b=0
1

Where Z,; is the driving-point impedance with the output port open-circuited. It is
also called open-circuit input impedance.

Similarly, Z21 = %/12 = 0
1

Where Z,; is the transfer impedance with the output port open-circuited. It is also
called open-circuit forward transfer impedance.

Case 2: When the input port is open-circuited, i.e., I =0
'
Zyp = 1_21/ ;=0

Where Z;, is the transfer impedance with the input port open-circuited. It is also
called open-circuit reverse transfer impedance.

Similarly, Zyy = Y—;/Il =0

Where Z,, is the open-circuit driving-point impedance with the input port open-
circuited. It is also called open-circuit output impedance.

As these impedance parameters are measured with either the input or
output port open-circuited, these are called open-circuit impedance parameters.

The equivalent circuit of the two-port network in terms of Z parameters is
shown in figure: 6.3

1 Ll Iz

Y

Figure: 6.3 Equivalent circuit of the two-port
network in terms of Z parameter.



Condition for Reciprocity:

If Z,,= Z,; ,the network is said to be reciprocal network.
Condition for Symmetry:

If Z,1,=Z,,, the network is said to be symmetrical network.

6.4 Short-Circuit Admittance Parameters (Y Parameters)

The Y parameters of a two-port network may be defined by expressing two-port
currents [; and [, in terms of the two-port voltagesV,;and V,.

(11;12) = f(V1;V2)
L =Y,V + Y.V,

I =Y, Vi + Y2, Vs

[ Y Y V.
In matrix form, we can write [ 1] = [ 11 12] [ 1]
I; Yo1 Yool [V

[1] = [YI[V]

The individual Y parameters for a given network can be defined by setting each of
the port voltages equal to zero.

Case 1: When the output port is short-circuited, i.e., V2 =0

I
Y11=V_11/V2=0

Where Y;, is the driving-point admittance with the output port short-circuited. It
is also called short-circuit input admittance.

Similarly, Yy =2/ V, =0
1

Where Y,; is the transfer admittance with the output port short-circuited. It is also
called short-circuit forward transfer admittance.

Case 2: When the input port is short-circuited, i.e., V1 =0
L
Yi2 = V_z/ Vi=0

Where Y;, is the transfer admittance with the input port short-circuited. It is also
called short-circuit reverse transfer admittance.

Similarly,Y,, = \II—Z/ V,=0
2



Where Y,, is the short-circuit driving-point admittance with the input port short-
circuited. It is also called short-circuit output admittance.

As these admittance parameters are measured with either input or output
port short-circuited, these are called short-circuit admittance parameters.

The equivalent circuit of the two-port network in terms of Y parameters is
shown in figure: 6.4

1 2

oo - o —
+ I I, +
Vi yni | 2Va ‘ yaVi | vz Va2
<_>, 4 & . + — 2
1 o

Figure: 6.4 Equivalent circuit of the two-port
network in terms of Y-parameters

Condition for Reciprocity:

If Y;,=Y,; ,the network is said to be reciprocal network.
Condition for Symmetry:

If Y;1= Y;,, the network is said to be symmetrical network.

6.5 Transmission Parameters (ABCD Parameters)

The transmission parameters or chain parameters or ABCD parameters serve to
relate the voltage and current at the input port to voltage and current at the output
port.

In equation form,

Vi, 1)) = f(V,, —1y)
Vl = A V2 - B 12
Il = C V2 _D 12

Here, the negative sign is used with I, and not for parameters B and D. The reason
the current I, carries a negative sign is that in transmission field, the output
current is assumed to be coming out of the output port instead of going into the

port.



— - —
O —=a0
. . +

Linear

L% 1 two - port VE
network

O——o N

Figure: 6.5 Terminal variables used
to define ABCD parameters

. . Vil _[A B[V,
In matrix form, we can write 11] = lc D] [_12]

Where matrix [é g] is called transmission matrix.
For a given network, these parameters are determined as follows:

Case 1 When the output port is open-circuited, i.e., [,=0
Vi _
A—W/Q—O

Where A is the reverse voltage gain with the output port open-circuited.
Similarly, C=:*/1,=0
2

Where C is the transfer admittance with the output port open-circuited.
Case 2 When the output port is short-circuited, i.e., V,=0

- —

B= I2/\/2_0
Where B is the transfer impedance with the output port short-circuited.
Similarly, D= —1—1/ V,=0
2

Where D is the reverse current gain with the output port short-circuited.

Condition for Reciprocity:

If AD-BC=1, the network is said to be reciprocal network.
Condition for Symmetry:

If A=D, the network is said to be symmetrical network.



6.6 Hybrid Parameters (h Parameters)

The hybrid parameters of a two-port network may be defined by expressing the
voltage of input port V; and current of output port I, in terms of current of input
port I; and voltage of output port V,.

(Vi, I5) = £ (I,V2)

Vi = hyily +hypV,
I, = hy1ly +hy,V,

V. h h |
In matrix form, we can write 1] = [ 11 12] [ 1]
IZ h21 h22 VZ

These parameters are particularly important in transistor circuit analysis.

Case 1 When the output port is short-circuited, i.e., V,=0

v
hy, = 11
11 — V2=0

Where hy, is called as short-circuit input impedance.

I
Similarly, hy, = I1/\,2 ~0

Where h,, is called as short-circuit forward current gain.

Case 2 When the input port is open-circuited, i.e.,[;=0

Vi
V.
hy; = 2[1:0

Where h,, is called as open circuit reverse voltage gain.

L
Similarly, h,, = VZ/Il —0
Where h,, is called as open-circuit output admittance.

Since h parameters represent dimensionally impedance, admittance, voltage gain
and current gain, these are called hybrid parameters.

The equivalent circuit of the two-port network in terms of hybrid parameters is
shown in figure: 6.6



PR—
+ I L +
Vi hiaVz %‘ bl []hzz Va
-3 ¢ -2

Figure: 6.6 Equivalent circuit of the two-port
network in terms of h-parameters

Condition for Reciprocity:

If h,; = —h;,, the network is said to be reciprocal network.
Condition for Symmetry:

If hy;hy,—hihy; =1 (Ah = 1), the network is said to be symmetrical network.

6.7 Inter-Relationships between the Parameters:

When it is required to find out two or more parameters of a particular
network then finding each parameter will be tedious. But if we find a particular

parameter then the other parameters can be found if the inter-relationship between
them is known.

1. Z-parameters in terms of other parameters:
a) Z-parameters in terms of Y-parameters:
We known that

L =Y, Vi +Y1,V,
[ = Y5, V5 + Y3, V,

Iy Y12’
I, Y Yool =Yq,l Y Y
By Cramer’s rule, V; = g2—2- = 221 22— 22 _ 2],
11 12’ Y11Y22-Y12Y21  AY AY
Y21 Yoo
Where AY = Y11Yz; — Y12 Yoq
Comparing with Vi =714 + 74,1,
7 = Y2,
11 =

AY



Comparing with

YAV Y
Y11 I1|
Also, V, = YZZY T2
— hl — EI
AY 2 AY !
Vo =751 + 70,
Yi1
oy = —
22 = 7y
Ya1
1= Ty

b) Z-parameters in terms of ABCD parameters:

We know that

V1=AV2—BIZ

Il = C V2 _D IZ
Rewriting the second equation,

Comparing with

Also, V; = A[11, +2

Comparing with

1 D
VZ =Ell +EIZ

Vo =711 + 73,1,

7y, =

Olgonlr

Ly, =
I, - BI,
AD
C

A
:EII+[ _BIZ

A AD — BC
b ),

Vi =711 + 72450,

z _A
117G



AD — BC
12 = T
Z-parameters in terms of A’B’C’D’ parameters

We know that V, = A'V,- Bl
I, =CV,;- DI,

Rewriting the second equation,

!

Vi

1
= I Iy +Elz

Comparing with Vi =714 + 74,1,

Z D
11 C'
7 1
12 C'
Ao, 4= A2+ 2= [

Comparing Wlth VZ = Z2111 + Zzzlz

AD —B'C
Loy = |——F—

C
P A
22 — C'
d) Z-parameters in terms of Hybrid parameters:
We know that
Vi =hy; s +hpVs
I =hyi 1y +hyVp
Rewriting second equation,
vy = -tz 1
2 h22 ! h22 2

Comparing with V, =751 +Z,,1,



1

Zpy = —
22 h22
h 1
AlSO, V1 = h1111 + h12 I:_h_zzll + Elz]
h12 h12h21
= hyI —I, — |
1111 + hzz 2 hzz 1

_ [hnhzz - h12h21] I hy,

—1
hy, ' hy,

Comparing with Vi, =714 + 74,1,
— h11h22 - h12h21 — A_h
1 h22 h22
h12
oy = —=
12 h22

2. Y-parameters in terms of other parameters:
a) Y-parameters in terms of Z-parameters:

We knOWIl that V1 = lell + lelz
Vo =711 + 23,1,
By Cramer’s rule,

Vi Zy,
Vo, 7y,
211 1y,
Zy1 1y,

11:

— ZZZV1 - Z12VZ
Z11222 - Z12Z21

ZZZ Z12
BVAIVAL
Where AZ =717, — 711,754

Comparing with L =Y,V +Y,V,



VA
YA,
Yi, ~ A7
Z11 V1|
Also, I, = Zn Yy

Comparing Wlth 12 = Y21V1 + Y22V2

b) Y-parameters in terms of ABCD parameters:

We know that V; = AV, —BI,
Il = CVZ - DIZ
Rewriting the first equation, I, = — %Vl + §V2
Comparing with L, =Y,,V; +Y,,V,
1
Yo =—=
21 B
Vo = A
22 — B

Also, I, =CV,—D[-2V; +5V,]

BC — AD
v

Dy
B! B

Comparing with [ =Y1V; + Y.V,

v D
1 =3



BC — AD
Yi2 =T

c) Y-parameters in terms of A’B’C’D’ parameters:

We know that V,=A"V;-B' [
,b=C'V,-D'J,

Rewriting the first equation, I, = %Vl - éVZ

Comparing Wlth 11 = Y11V1 + Y12V2
Y A
11 B’
v 1
12 — B!

Also, 1, =CV,—D'[2v, - 2V,
AD —-BC D
ol e KR

Comparing Wlth IZ = Y21V1 + Y22V2

AD —BC

Y21 = _T
Y,, = b
22 — B!

d) Y-parameters in terms of Hybrid parameters:

We know that,
Vi = hy1ly + hy Vs
I, = hyily + hy, Vs

Rewriting the first equation,
6}

= —V, — 2V
h11 ! h11 2

Comparing with L =Y1V; +Y,V,



1 h
AISO, 12 == h21 [h_nvl - h_zVZ] + hszz

h h;;hy; —hyyh
_ 21v+[11 22 12fla1]

- 1 2
h11 h11

Comparing Wlth 12 = Y21V1 + Y22V2
h21
Y, =2
21 h11

3. ABCD parameters in terms of other parameters:

a) ABCD parameters in terms of Z-parameters:

We know that
Vi =711 + 2450,
Vo =711 + 73,1,
Rewriting the second equation,

1 Zyo
I, =—V, ———I
Y2y P 7y
Comparing with, [; = CV, — DI,
1
C=—
Z
Z
D= -22
Z;q
1 Z
AISO, Vl = le I:Z_ZJ_VZ - Z_zjlz] + 21212
211 22744
=—V, ——] Z,-51
Zon 2 Zon 2 t 4121,

Z 21125, — 74,7
_ 11V_[11 22 12421 L

T 7y G Za

Comparing with, V; = AV, —BI,



Z
A=
734

B = Z11Z22 - Z12Z21
Z21

b) ABCD parameters in terms of Y-parameters:

We know that

L =Y.V, + Y5V,
I =Y, Vi + Y,V

Rewriting the second equation,

V= -2y 1
oYt Yy
Comparing with V, = AV, —BI,
Y.
A=—_22
Y21
B 1
Y21

Y. 1
A].SO, Il = Yll I:_Y_ZVZ + Y_lez] + Y12V2

Y:5Y,s — Y, Y Y.
:[ 12121 11 22]V2+ 11

—1
Y21 Yo, 2

Comparing with, I, = CV, — DI,

c) ABCD parameters in terms of hybrid parameters:

We knOW that, Vl = hllll + h12V2

I = hyely + hy Vs



Rewriting the second equation, I; = —%Vz + LI2
21

h21
Comparing with, I; = CV, — DI,
__hn
hy,
Do 1
~ hy
1 h
AlSO, V1 = h11 [h_21 IZ - h_ZVZ] + h12V2

_ [h12h21 - h11h22] v hyq

—1
hy, 2 hy
Comparing with V, = AV, —BI,
h;,h,; —hy;h
A = 2l 11122
hy,
h
B= -
hy,

4. Hybrid parameters in terms of other parameters:

a) Hybrid parameters in terms of Z-parameters:

We knOW that V1 = lell + lelz

Vo =711 + 230,

Rewriting the second equation, I, = —Zﬁl1 + iVZ

Zy2 Zy;

Comparing with I, = hy.1; +hy,V,

Zyq
h [ —
21 ZZZ
N 1
22 7y
VA 1
Also, V;=174111 +7Z4, [_z_z:ll + EVZ]
L1125, — Z12221] 21
[ Zy, o Ly



Comparing Wlth V1 = hllll + h12V2
hy, =

hy, =—

b) Hybrid parameters in terms of Y-parameters:

We know that
L =YV, + Y.V,
I =Y, Vi + Y3, V,

Rewriting the first equation, V; = Yill - %VZ
11 11

Comparing Wlth V1 = hllll + h12V2
1
hy = —
11 Y§1
he, = — 2
12 Y11

1 Y
A].SO, IZ = Y21 [Y_llll - Y_zVZ] + Y22V2

Y1 Y, — Y, Y Y.
=[11 22 12 21]V2+ﬂ11
Yi1 Yi1
Comparing with [, = hy;1; +hy,V,
ho. = Yi1Yo, — Yi2Yp,  AY
22 = Y =y
v 11 11
h,, = -2
21 Yo,

c) Hybrid parameters in terms of ABCD parameters:

We know that VvV, = AV, —BI,
Il = CV2 - DIZ
Rewriting the second equation, I, = —%Il + %VZ
Comparing with [, = hy.1; +hy,V,
1
hyy = —=

D



Comparing with

h _C
22 =7

Also, V;=AV, —B|-11, +2v)]

B AD — BC
oo L5

Vi = hy1h + hypVp

h B
11 — D
AD-BC AT
h = = —
12 D D

Inter-relationship between parameters:

INTER-RELATIONSHIP BETWEEN PARAMETERS

z T h
S y22 yi2 A AT ( Ah  hy ]
(=] |y | [T |
[ 2 B Y21 ¥u 1 D -hy; 1
L 22 Ay Ay € 'S L hyp  hy |
Z‘ﬁ v v E AT L '-114)-_3
v Az Az ST B B hyp  hyy
Az Az o - B B L hiy  hpy
n Az Y22 1 Ah —hy
T Zo1 221 Y21 Y21 %58 hyy hyy
1 zp Ay -yu C D hp -1
Z21 22 Y21 y21 hoy hoy
Az, 212 1 2y B AT by h
I Z92 29 yu  yn D D [ 52
1 ‘
—Z21 L VA ﬂ i S [ ll-ll hao
Zy  Z» yu  yu D D - o
Az = 211222 — 212221. Ay = y11y22 — yi2y21. Ah = hyhes — hyaho . AT = AD - BC

6.8 Interconnection of two-port networks:

Interconnection of two-port networks, namely, cascade, parallel, series-
parallel and parallel-series are discussed below and the relation between the input
and output quantities of the combined two-port networks is derived.



6.8.1 Cascade Connection:
Transmission Parameter Representation:

Figure: 6.8.1 shows two-port networks connected in cascade. In the
cascade connection, the output port of the first network becomes the input port of
the second network. Since it is assumed that input and output currents are positive
when they enter the network, we have

V| NI Y ]""|1 N"‘ V;

Figure: 6.8.1 Cascade Connection

Let Ay, By, C;, D; be the transmission parameters of the network N, and A,, B,, C,, D, be
the transmission parameters of the network N,.

For the network Ny,
nl= el ——o
Iy C1D,

For the network N,,

ol [

Since V;, =V, and [, = —I,, we can write

6 ]

Combining equations (i) and (ii),

A= (o] < e



Hence,

Bl _ A1B1] [A Bz] i)

pl—|¢,D,]1C,D,

Equation (iii) shows that the resultant ABCD matrix of the cascade connection is the
product of the individual ABCD matrices.

6.8.2 Parallel Connection:
Figure: 6.8.2 shows two-port networks connected in parallel. In the parallel

connection, the two networks have the same input voltages and the same output
voltages.

> > «—
* V, N]. V2+
I, I,
— «—
*V; N2 V2+

Figure: 6.8.2 Parallel Connection

Let Y,;,Y),,Y,1,Y,, be the Y-parameters of the network N; and Y;;,Y;,,Y,;,Y,, be the Y-
parameters of the network N,.

For the network N, I l lY11Y1zl
Y21Y22

Ll [viv:
For the networkN,, I 1,,l = I 1 13] [Vl
I Y21Y22

For the combined network, I, =1, + I, and I, = I, + I,

Hence, 11] _ 11: + 11 _ Yl:l + Yl::1Y1:2 +Y, [ Yllle] [Vl]
I L+1, Yy, + Yy Y5, + Y5 Y21Y22



Thus, the resultant Y-parameter matrix for parallel connected networks is the sum
of Y matrices of each individual two-port networks.

6.8.3 Series Connection:

Figure: 6.8.3 shows two-port networks connected in series. In a series
connection, both the networks carry the same input current. Their output currents
are also equal.

'\_.’2

Figure: 6.8.3 Series Connection

Let Zy4,Z415,Z51,Z,, be the Z-parameters of the network N; and Z,4,Z;,,Z51,Z, be the
Y-parameters of the network N,.

For the network N, [ l [lezlzl
Z212722

For the network N,, [ l [Z 1,121”2] [11
Z21Z72

For the combined network V; =V, +V,' and V, =V, + V,

Hence, 51] _ IVL + Vl"l _ lzl’l + 21121, + Zl”zl [11 _ lezlz] [11]
2

Vo + Vo |~ |Zoy + Zg1Z0y + Zyy | 2] ™ 1221257

Thus, the ersultant Z-parameters matrix for the series-connected networks is the
sum of Z matrices of each individual two-port network.



Assignment cum tutorial questions
SECTION-A

A voltage of 10V applied at port-1 results in [;1=5A and V=5V when port 2 is
open circuited. The open circuit transfer impedance is

a) 2Q b) 1Q c) 3Q d) 4Q



For a two port network, Z11 and Z22 are equal and also Z12=Z21.Then the two
port network is

a) Symmetric only b) Reciprocal but not symmetrical

c) Symmetric and Reciprocal d) Symmetrical but not reciprocal

The parameter Y11 in terms of Z parameters is...........

a)= e d)

Dz

-Z21
Dz

With port 1 short circuited, a voltage of 10V is applied at port 2 results in [o=4A
and I;=-2A.The short circuit driving point admittance at port 2 is__

a) -0.4 b)0.2 c)-0.2 d)0.4

For a given two port network, the S/C parameters are Yi11=10 ,Y12=Y2:1=2

,Y20=5.The value of Z21 is___
a)—Q b)=Q 0)=Q d)=Q
23 23 23 23

For a given two port network,Z11=10Q;Z22=8Q;Z212=7221=3Q.A resistance of 5Q

is connected at port 2.Then the driving point impedance at port 1 is__

121 134 108

In a two port network, the parameters A=D=2 and B=3Q.Then value of

parameter C is_

a)2 b)lmho ¢ % mho d) é mho

In a two port network, the expression for Z11 in terms of ABCD parameters is

D 1 B A

For a two port symmetrical network, the relation in transmission parameters is

a) A= — b) CA=BD ) A=~ d) A=D
CD D



10. Two identical two port networks (having same port parameters) are connected

in cascade. The parameters A of the combined network is

a) A+BC  b) A2+BC ¢ A+ = d 2

11. When port 1 of a two-port circuit is short-circuited, [ = 4I> and V2 = 0.250,.
Which of the following is true?
(@ yii=4 (b)ye=16 (c) y21 = 16 (d) y22 = 0.25

12. A two-port is described by the following equations:
V1 = 50I; + 102 V2 = 30I1 + 2012
which of the following is not true?

(a) z12 =10 (b) YViz2 = -0.0143 (C) hi2=0.5 (d) A =250

13. If two-port is reciprocal, which of the following is not true?

(@) z21 = z12 (b) y21 = y12 (c) ho1 = hio (d) AD=BC+ 1

14. A passive 2 port network is in a steady-state compared to its input, the steady
stay output can never offer

A. Better regulation.
B. Higher voltage.
C. Greater Power
D. Lower impedance.

15. Which elements act as an independent variables in Y-parameters?
a. Current
b. Voltage
c. Both (a&b)
d. None of the above



16. If the two ports are connected in cascade configuration, then which arithmetic
operation should be performed between the individual transmission parameter
in order to determine overall transmission parameters?

a. Addition b. Subtraction c. Multiplication d. Division

SECTION-B

1. Determine the Z-parameters for the network shown in fig (a).

1 I{/izl\/‘ /l\/\g;/\ O 2 (o, '\?V\‘}‘v '3\/\(3\/—0
Port | \? 10 4v|/+K wE o t :
| Y V, Port 2 § 30 <; %,
n'é . éz‘ 3 "
Fig.(a) Fig.(b)

2. Obtain the y parameters for the circuit in Fig(b)

3. The y-parameters of a two port network are y11=15 mho, y22=24 mho,
Yy12=y21=6 mho. Determine ABCD parameters.

4. Determine ABCD parameters of the network shown in fig.

IF 05F
' o T T o2

5. Determine the y parameters for the two-port shown in Fig.

6. Find I, and I in the circuit in Fig.



— _—
& Z”=4OQ +
e \/ }=/00 | iy 2 iid
lm&v 1 2 :j3OQ 2
- ZD=SOQ -

7. Find the y parameters for the circuit shown below:
I, 40

I;
- -
+
V2

8. Obtain T-parameters for the circuit shown in the figure below
iQ
10 m -3 Q
—AWW | e

J'ZQ.% giﬂ

SECTION-C

1. The open circuit impedance matrix of the two-port network shown in figure is:

I, I

5 20 <2
o> A A <—o
vV, 10 31 V,
= O

[T ol o[ 51 el o[ ]



2. Two two-port networks are connected in cascade. The combination is to
represented as a single two-port networks. The parameters of the network are
obtained by multiplying the individual:

a) z-parameter matrix b) h-parameter matrix
C) y-parameter matrix d) ABCD parameter matrix
3. For a two-port network to be reciprocal
a) z11 = Zz; b) ¥21 = Y12 C) hiz = —hy d) AD-BC=0

4. The condition that a z-port network is reciprocal, can be expressed in terms of its
ABCD parameters as:

a) AD-BC=1 b) AD-BC=0 c) AD-BC>1 d) AD-BC<1

5. The short-circuit admittance matrix of a two-port network is:

[ 0 -1 /2]

1/2 0

The two-port network is:

a) Non-reciprocal and passive b) Non-reciprocal and active
c) Reciprocal and passive d) Reciprocal and active

6. A two-port network is shown in figure. The parameter h21 for this network can
be given by:

1 I

o O

a)-1/2 b) +1/2 c) -3/2 d) +3/2

7. The Z parameters Zi11 and Zz; for the 2-port network in figure are:



40
E; k,
10E,
o o

6 16 6 4
a) Z11=_HQ Zz1=HQ b) Z11=HQ Zz1=HQ

6 16 4 4
c) 211=HQ Zz1=_HQ d) Z11=HQ Z21=HQ

8. The admittance parameter Y12 in the two-port network in figure is:

I 20 9 h
o—= AN s
E| 50 100 |k
o o
a) -0.2 mho b) 0.1 mho c) —0.05 mho d) 0.05 mho

9. The impedance parameters Z11 and Z12 of the two-port network in figure are:

a) Z11=2.75Qand Z12=0.25Q b)Z11=3Qand Z12=0.5Q

c) Z11=3Qand Z12=0.25 Q d) Z11 =2.25Qand Z12=0.5 Q



10. For the lattice shown in figure, Z, = j2Q and Z, = 2Q. The values of the open
Z11 Z12

are
Z21 Zzz]

circuit impedance parameters Z = [

e

1 3

]
2 4
Zy

1—j 14j 1—j 1+4j 14+ 1+4j [1+j —1+4j
a)[1+j 1+ b)[—1+j 1—j C)[l—j 1—j d) —14j 14j

11. The h parameters of the circuit in figure are:

L 100 L
o= _AAN, o
+ +
Vi 20 51§ Vy
[ 0.1 0.1 10 -1 ]
(a) (b) _
-0.1 0.3 1 0.05]
(30 20 (10 +1 ]
(c) (d) _
|20 20 -1 0.05

11. The ABCD parameters of an ideal n:1 transformer shown in the figure are

o



V.

e — = O

The value of x will be

a)n b)

Sk

c) n? d) =

12. In the two port network shown in the figure below, Zi,and Z>1and respectively

I L
— - °
I i
Vi oo, § 3 I&P § T v,
o 0
a) reand PBro b) O and -Bro c) O and Bro d) reand -Bro

13. A two-port network is represented by ABCD parameters given by

e

A+ BR; AR+ C
A) 7R, B) BR~D

BR; +C D+ CR,



15.A two-port network shown below is excited by external DC source. The voltage
and the current are measured with voltmeters Vi, Vhand ammeters. Ai;, As(all
assumed to be ideal), as indicated

B2

O ﬁlﬁ | (1 2] | Hi '
6VE (V) (V) =15V

Under following conditions, the readings obtained are:
(1) S1 -open, S2 - closed A1=0,V1 =45V, /,=15V,A2=1A

(2) S1 -open, S2 - closed A1 =4 A, Vi=6V,/o=6V,A2=0

16. The z -parameter matrix for this network is

A5 1 vle gel ol T ol gl

17. The h-parameter matrix for this network is

a) [_i 0.27] b) [_33 0.167] ° E 0.5;7] d) [—33 —01.67]

18. For the two-port network shown below, the short-circuit admittance
parameter matrix is

1o AN 02




4 —2 1 —05
W2 4‘5 B_o5  1]°
[ 1 0.5 4 2
©) o5 1‘5 D) | 45

19. With 10 V dc connected at port A in the linear nonreciprocal two-port network
shown below, the following were observed :

(i) 1 Q connected at port B draws a current of 3A

(ii) 2.5 Q connected at port B draws a current of 2A

ot | I
{ B
o—— o

19. With 10 V dc connected at port A, the current drawn by 7 Q connected at port
Bis
a)3/7A b) 5/7 A c) 1A d)9/7A

20. For the same network, with 6 V dc connected at port A, 1 Q connected at port
Bdraws 7/3 A. If 8 V dc is connected to port A, the open circuit voltage at port B

1S
a) 6V b)7V c) 8V d) oV

21. In the h — parameter model of 2 — port network given in the figure shown,



MN
1 ?3() 3Q§ >
A'A'AY%
20
1 2
20 20

The value of has (in Siemens) is

22. The 2 — port Admittance matrix of the circuit shown is given by

50
o MV o
'Dszié éé'tm
s} O
03 0.2 15 5 333 5 03 04
)[0.2 03 b)[s 15] C)[ 5 3.33] Dloa 03



